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PREFACE. 



This book of the Solutions of the Questions 
in the Mathematical Tripos of 1875 has been 
undertaken at the request of' several persons who 
are interested in the teaching of mathematics at 
Cambridge. 

The solution of each question has, in general, 
been furnished by the maker of the question, or 
is a solution that has been given by a candidate 
in the Examination. 

By the new regulations for the Examination 
several new subjects have been introduced, which 
have not been treated of in preceding collec- 
tions of Senate- House Solutions. 



viii MEFACE. 

Complete solutions of the questions on the 
higher subjects have been given in all cases where 
it was felt that a reference to the Text-books in 
ordinary use was not sufficient. 

An apology must be given for the unavoidable 
delay in the appearance of the book. 



BRRATtTM. 

Page 95, in lines 8 and 9, read ** If the first three planes meet the fourth pland 
in BC, CA, AB, &c.'' 
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SOLUTIONS OF SENATE-HOUSE 
PROBLEMS AND RIDERS 

FOR THE YEAR EIGHTEEN HUNDRED AND SEVENTY-FIVE. 



Monday, Jan. 4, 1875. 9 to 12. 



. Hr. Grbbnhill. Arabic numbeis. 

Mr. Wriqht. Boman numbers. 

1. Parallelograms and triangles upon the same base 
and between the same parallels are equal. 

A\ B\ C are the middle points of the sides of the triangle 
ABCj and through A, fi, are drawn three parallel straight 
lines meeting B' C\ G'A\ A'B' in a, J, c respectively ; prove 
that the triangle ahc is half the triangle ABC and that be 
passes through -4, ca through J?, ah through 0. 

For (fig. 1) 

therefore Bac is a straight line. 

Similarly it may be proved that Gab is a straight line. 

And ^Bbc = ^BbCj taking away the common part ^Bba] 
therefore 

i^abc = ^aBG=i^ABa 

Also ^Aab-{'^Aac = ^AaB+^AaG=i^ABG=^^abc] 

therefor^ bAc is a straight line. 

B 
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2. The angles in the same segment of a circle are equal 
to one another. 

If the diagonals AG^ BD of the quadrilateral ABCD^ 
inscribed in a circle the centre of which is at 0, intersect 
at right angles in a fixed point P, prove that the feet of the 
perpendiculars drawn from and P to the sides of the 
quadrilateral lie on a fixed circle, the centre of which is 
at the middle point of OP. 

Let Q (fig. 2) be the middle point of OP; a, J, c, d the feet 
of the perpendiculars from P on AB^ BC, CDj DA^ and a , &', 
c\ d' the middle points of AB^ BC^ Ci>, DA respectively. 

Then a'b'c'd' is a rectangle. 

Also Z.APa = /.ABP=^z.PCD==z.GPc'] 

therefore aPc is a straight line, and similarly it may be 
proved that bPd\ cPa\ and dPb' are straight lines. 

Therefore Pa Oc is a parallelogram, and Qj which is the 
centre of the parallelogram, is the centre of the rectangle 
a'b'c'd'. 

Therefore a circk can be described with centre Q passing 
through a, a ] J, b' ; c, c' ; c?, d'. 

Also 2 (rad.)^ + 20^= Oa" + a'P' = Oa" + a' A* = OM, 

and therefore the radius of the circle is constant. 

This circle is analogous to the nine-pointic circle of a 
triangle. 

3. Upon a given straight line describe a segment of a 
circle which shall contain an angle equal to a given rectilineal 
angle. 

Through a fixed point any straight line OPQ is drawn 
cutting a fixed circle in P and Q^ and upon OP and OQ 
as chords are described circles touching the fixed circle at 
P and Q. Prove that the two circles so described will inter- 
sect on another fixed circle. 

If C (fig. 3) be the centre of the fixed circle and OM^ ON 
be drawn parallel to CQ and OP, forming the parallelogram 
OMCNy then M and N are the centres of the segments. 
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Therefore If R be the point of intersection of the segments, 
OR 18 perpendicular to MN^ and since MN bisects OC, 
therefore MN is parallel to RC. 

Therefore the angle ORG is a right angle, and there- 
fore the segments intersect on a circle described on OC as 
diameter. 

iv. Describe an isosceles triangle having each of the 
angles at the base double of the third angle. 

Prove that the circle drawn through the middle points 
of the sides of this triangle will intercept portions of the equal 
sides such that a regular pentagon can be inscribed in the 
circle having these portions as two of its sides. 

If i>, Ej F (fig. 4) be the middle points of the sides, the 
triangle FBD will be similar to the triangle ABCj and the 
circle through i), Ey F will be the small circle of Euclid's con- 
struction relatively to the triangle FBD^ and will cut AB^ 
u4 6^ in points MN^ such that 

BD = DN='NF=FE, 
and therefore DMEFN is a regular pentagon. 

V, Equal triangles which have one angle of the one equal 
to one angle of the other have their sides about the equal 
angles reciprqcally proportional; and triangles which have 
one angle of the one equal to one angle of the other and 
their sides about the equal angles reciprocally proportional 
are equal to one anothen 

If ABC^ ADE be two such triangles placed so that 
BA^ AE are in a straight line, as also GA and AD'^ and 
if BG^ DE produced meet in F^ prove that FA will bisect 
GE and BD. 

Since (fig. 5) the i^BAG = ^DAE; 

therefore a BGE:= a D GE, 

and therefore GE is parallel to BD ; therefore 

BG:BF'.:DE:DF; 

therefore a BGA : a BFA : : a DEA : a DFA, 
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but t^BCA^t^DEA) 

therefore a BFA =± a DFA^ 

therefore perpendiculars from B and D on FA are equal, 
and therefore FA bisects BD^ and its parallel GE. 

vi. If a straight line stand at right angles to each of two 
straight lines at the point of their intersection^ it shall also be 
at right angles to the plane which passes through them, that 
is to the plane in which they are. 

If P be a point equidistant from the angles A^ -B, G of 
a right-angled triangle of which A is the right angle and 
D the middle point of B(7, prove that PD is at right angles 
to the plane ot ABG. Prove also that the angle between the 

? lanes PAG^ PBG and the angle between the planes PAB^ 
^BG are together equal to the angle between the planes 
PAG.PAB. 

For (fig. 6) P4« = PB* = PjD' + i)^ = Pi)' + i)^'-* J 

therefore PDA is a right angle, and since PBB is also a 
right angle, therefore PB is at right angles to the plane 
ABG. 

And since PA^PB and BA=^DB^ therefore the angle 
between the planes PAB^ PBG is equal to the angle between 
the planes PAB, PAB. 

Similarly the angle between the planes PAG^ PBG is 
equal to the angle between the planes PAD^ PA G. 

Therefore the angle between the planes P4P, PP(7, and 
the angle between the planes PAG^ PBG are together equal 
to the angle between the planes PA (7, PAB. 

Compare the rider to question 2, Thursday afternoon, 
Jan. 7. 

vii. The ordinate to the diameter through any point on 
a parabola is a mean proportional between the corresponding 
abscissa and four times the focal distance of that point. 

If through a fixed point A a straight line be drawn 
meeting two fixed lines OD^ OE in B and G respectively, 
and on it a point P be taken such that AG.AP^AB^^^ 
prove that the locus of P is a parabola which passes through 
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A and and has its axis parallel to OD and the tangent 
at A parallel to OE. 

Let the straight line through A (fig. 7) parallel to OD meet 
OE in F^ and draw PM parallel to OE to meet AF in M. 
By similar triangles 

PM^ : OF^ :: AP^ : AB^ iiAP: AC:: AM: AF) 

therefore the locus of P is the parabola stated. 

viii. If the tangent and ordinate at any point P of an 
ellipse meet the axis major in T and N respectively, then 
CT.GN=CA\ 

If any circle be drawn through N and T^ prove that it 
is cut at right angles by the auxiliary circle of the ellipse. 

Let the circle cut the circumscribing circle in P, then 

CT.GN=CA''=CP'] 

therefore CP is a tangent to the circle, and therefore it cuts 
the auxiliary circle at right angles. 

ix. Tangents to an ellipse or hyperbola at right angles 
to each other intersect on a fixed circle. 

If any rectangle circumscribe an ellipse, prove that the 
perimeter of the parallelogram formed by joining the points 
of contact is equal to twice the diameter of the circle which 
is the locus of the point of intersection of tangents at right 
angles. 

If PQRS (fig. 8) be a circumscribing rectangle and G 
the centre of the ellipse. 

Join GP and let it cut LM one side of the parallelogram 
xnN. 

G is the centre of the rectangle and of the parallelo- 
gram and P, Q lie on the director circle ; therefore a GPQ is 
isosceles, hence so also is £^LNP\ therefore LN=NPj and 
CN is parallel to another side of parallelogram and equal to 
half of it; therefore GP=\ perimeter of parallelogram or 
perimeter of parallelogram = 4 CP=- twice diameter of director 
circle. 



6 SENATE-HOUSE PROBLEMS [Jan. 4y 

10. In a central conic the tangent makes equal angles 
with the focal distances, and the sum or difference of the 
focal distances is constant. 

Given a focus, the length of the transverse axis and that 
the second focus lies on a fixed straight line, prove that the 
conic will touch two fixed parabolas having the given focus 
for focus. 

If S (figs. 9 and 10) be the given point, C3 the given 
straight line, draw DK^ D*K' parallel to GH. at distances 
equal to the given transverse axis, and draw 8G perpen- 
dicular to GH to meet it in (7, and DK^ UK' in D and U. 

Then if H be the second focus of a conic and PP' be 
drawn through H parallel to SG to meet the conic in P, P' 
and DK^ UK' in K, K\ it is evident that 

8P=PK and 8F = FK\ 

Therefore the conic touches two fixed parabolas having 
the common focus 8 and the directrices DK^ D'K' at P 
and P. 

If 8G (fig. 9) is less than the given transverse axis, the 
parabolas are turned in opposite directions and intersect at 
right angles on GH in B and B\ such that 8B= 8B' = given 
transverse axis. 

Then if H be taken between B and B\ the conic is an 
ellipse; but if H be taken beyond B or B\ the conic is a 
hyperbola, and the same branch of it touches the parabolas. 

If 8G (fig. 10) is greater than the given transverse axis, 
the parabolas are turned in the same direction and do not 
intersect, and the conic is always a hyperbola of which 
different branches touch the parabolas. 

11. The tangents to a conic section drawn from a point 
subtend equal angles at either focus. 

If PP' be a chord of a conic- parallel to the transverse axis 
and the twd circles be drawn through a focus 8 touching the 
conic at P and P' respectively, prove that F the second point 
of intersection of the circles will be at the intersection of PF 
and 8T^ where T is the point of intersection of the tangents 
at P and F. 



9 — 12] AND RIDERS. 7 

Prove also that the locus of F for different positions of 
PP will be a parabola with its vertex at 8. 

A circle can be described about TP8P' (fig. 11) and 
therefore z. TPP' = zi^/SP; therefore the circle described on 
6P touching PT at P passes through F, 

Similarly the circle d-escribed on SP' touching P'T B,i P 
passes through F. 

Also if FM^ FN be drawn perpendicular to the transverse 
and conjugate axes to meet them in Mj N respectively, 
GT.CN^CB'] therefore 

FM^ : CB" :: CN: CT:: 8M: 8C', 

therefere the locus of F is a parabola with its vertex at 8 
and passing through the ends of the <x>nj:Ugate axis. 

12. If a right circular cone be cut by a plane, the distance 
of any point on the curve of section from a certain point bears 
a constant ratio to the distance from a certain straight line. 

If any sphere be inscribed in the cone, the length of the 
tangent line drawn from any point on the curve of section 
to the sphere will bear the same constant ratio to the distance 
.of the point from the line of intersection of the plane section 
and the plane of the circle of contact of the sphere and cone. 

The rider is proved incidentally in the book work. 

(If be the centre of the sphere and OD be drawn per- 
pendicular to the plane of the section, it can easily be shewn 
tliat the length of any tangent line from a point in the plane 
to the sphere is equal to the distance of this point from a 
fixed point 8 in OD such that 8D' =^01^- (rad. of sphere)^ 

The locus of vS is called the focal conic of the conic section,) 
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Monday, Jan. 4, 1875. 1^ to 4, 



Mr. Freeman. Arabic numbers. 
Mr. Cockshot. Boman numbers. 

1. For a house occupied by 5, A pays a rent of £40 per 
annum by equal payments at the end of each quarter. B 
pays A by equal payments in advance at the beginning of 
each month. How much a month ought B to pay in order 
that at the end of the year, with simple interest reckoned at 
3J per cent, per annum, A may have recovered the value 
of his own four payments with one-tenth additional ? 

The answer is £3. Ua. ll|f f. 

2. Shew how to find the lowest common multiple of three 
algebraical expressions. 

If Zj, Zg, Z3 are the lowest common multiples of jB and (7, 
of C and -k, of A and jB, respectively ; if g^^ g^^ g are the 
highest common divisors of the same pairs ; and if i, O are 
the lowest common multiple and highest common divisors of 

A, B, and C: prove that -79 = (-^^^] . 

Let a, )8, 7 be the powers of a simple factor P in -4, J9, G 
respectively. Suppose them to be m descending order of 
magnitude but without excluding the cases in which some 
of them are equal or zero. 

• Then the index of P in -^ is a - 7, and In 
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The same argument applies to any factor and therefore 

3. (a) Find the simplest expression for 

(a + y)(a-fg) ^ .[h+p)[h-¥q) ^ _(o +/?) (c + ?) _^ ^ 
{a-'h)[a—c){a-\-x) (A— c) (6 -a) (6+ a?) {c—a)[c'-b){c+x)' ^ 

(/8) If the letters all denote positive quantities, prove 

that 

(a + 5)a^/ . , . ax-\- hy 

V- ' 18 never greater than r^ . 

ay-\-ox ° a + 6 

(a) l>-a;)(g-a;) 



(a + a;) ( J + a;) (c + a;) ' 

(a + t)a;j^ _ aa; + hy ^ -afe(y~y)^ 
^^ ay-\-bx a-\-b (a + J) (ay + bx) ' 

which is never positive. 

4. Find in terms of the coefficients the sum and product 
of the roots of the equation 

aaj* + 2iaj+c = 0. 

Find the condition that the roots of ax* + 2bx + c = may 
be formed from those of ax^ + 2b'x + c' = by adding the 
same quantity to each root. 

The difference of the roots in each equation being the 
same, therefore 



a a 



the required condition. 



5. Solve the equations 

(a) {c + a-2J)a;*+(a + J-2c)a;+(i + c-2a)=0. 
[0) ax + yz = ay-\-zx = az-\-xy = V. 

c 
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(a) x = l IS obviously one root, and therefore the other 

. J -f c — 2a 

root IS . . 

c + a-2b 

[0) aX'^yz — ay-^zx = az-\-xy = V'^ 

therefore (y — «) (^ - «) = ; 

therefore a; = y = ^j = a root of the quadratic 

a? -{-ttx — b^j 

J* ¥ - a' 

or aj = a, ^ + ^=--, y«= — , 

with the roots obtained by a cyclical change of x^ y, z. Of 
these six sets of roots three only are distinct, and the roots 



are a, a, 



a 



6. Investigate the formula for the number of combinations 
of n things taken r at a time, without assuming the formula 
for permutations. 

A selection of c things is to be made, part from a group 
of a things and the remainder from a group of b things. 
Prove that the number of ways in which such a selection 
may be made will never be greater than when the number 
of things taken from the group of a things is the integer next 

less than (« + ^n^4^). 

Let a:, y be the numbers to be chosen respectively from 
the groups of a and b things. 

Then x-\-y = Cy 

and _Jl_._L*_ 

[x\ a-x \_ylb-y 

is to be a maximum for integral values of x and y, 

_Ii_.__iL__ 

** ' |_ajla — a? Ic — xlb — c-^x 

is to be a maximum for an integral value of x. 
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Therefore the factor by which this expression is multiplied 
when we write x-\- 1 for x must be just less than 1. 

That Is, that value of x must be taken which will first 
make 

a — x c- X 

x-\- I i-c+ic-f 1 
or oc— (a + c).a;< J --C + 1 + (i — c4-2)ic, 

or ac-\- c- (6 + 1) <(a + 6 + 2)ic. 

Therefore x is the integer next greater than 

c(a4 !)-(& + 1) 
a-f- c + 2 ' 

or next less than ^ r — t: — • 

a + JH-2 

If there were n groups containing a^, a.^, a^,..a^ things 
(the a's being in descending order of magnitude), and if p 
things were to be chosen, the number of ways in which the 
selection could be made would never be greater than when 
the number taken from the group of a^ thmgs was the 
integer next less than 

(g,. + !)(/> + w-1) 

vii. Shew that corresponding small increments of a 
number and its logarithm are proportional. 
Find n from the following data : 

logj^42563 = 4 6290322, 

log,^42564 = 4-6290424, 

log^^w = 2-6290376. 

Find to how many decimal places n can be determined by 
this method, given that log^^^e = -43429. 

The result is n=: 425-6353 correct to four places of decimals, 
for generally 

log,Jw + 8)-log,,w = ^-f... 

where fi = log,^c is the modulus. 
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If 8 is so small that — does not come into the tables, S 

n ' 

cannot be determined by the metliod of proportional parts ; 

therefore ~ <t -— , , 

n ^10" 

^ 10' * /A ^ 10' ' •43~429 

^ 1 42563 ,,^^, 
<— ^. ^-0001, 

^ 10* 43429 ^ ' 

or the result is not to be relied upon beyond the fourth place 
of decimals. 

viii. Find a general expression in terms of a for all th^ 
angles whose cosecants are equal to coseca. 
Find all the solutions of sin 3^ — cos ^ = 0. 
Which of them will satisfy the equation 

H-sin'^^ = 3sin5cos^? 



sin3^ = cos5 = sin (^ - ^) 5 



therefore Zd = mr + (- 1)** (f - ^) j 

TtVtr IT it 

therefore ^ = "^ + o ^^ ^''" + 7 • 

Z o 4 

K l + sin*^ = 3sin^cos5, 

then 2 tan'5-3 tan5+ 1 = 0; 

therefore tan^=l or \^ 

and the values ^ = wttH- — make tan^= 1. 

4 

ix. Prove that cos(u4- 5) = cos^ cos5 + sin^ sin 5 for 
all values of A and B between and 90°. 

Shew how the proof may be extended so as to include all 
values of A and B, 
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l{A-{-B+C== dO% prove that 
cosec-4 cosec B cosec C—cotB tan G—coiC tan B—cotC tan ^ 
— cot^ tanO — cot-4 tan 5- cot^ tan -4 = 2. 

The order of the letters denoting the direction in which 
a straight line is measured, AB-^- BA = and for any three 
points A J B^ (7 in a straight line AB-\-BG=AG. 

Then for any magnitude of the angle POM^ 

\JJr {JJr \ 

, ,. ^ OM OQ+QM 
and cos {A-B) = -^= ^ — 

OQ ON RP NP , D . . . X) 

'^ UN ' OP "^ NP ' op'" ^^ '^ ■*■ ^ *'° ' 

and this will be true however the figure be drawn as in 
figs. 12 and 13. 
The expression 

cosec u4 cosec5 cosec G— t&.nA (cot 5+ cot(7) — ... 

= cosec -4 cosec jB cosec (7- sin -4 cosec 5 cosecC— ... 

= cosec-4 cosec J? cosec (7(1— sUn^A — sin'^jB — sin* G) 

= cosec ^ cosec J? cosec C (cos* J[ - sin'^S— sin* (7) 

= cosec -4 cosec 5 cosec C { cos {A — jB) cos (-4 4- J?) — sin* (7} 

= cosec -4 cosec-B {cos (-4 — J5) — cos {A + B)} 

= 2 

X. Prove that the sides of a triangle are proportional to 
the sines of the opposite angles. 

Shew that if the squares of the sides of a triangle are in 
arithmetical progression, the tangents of the angles are in 
harmonical progression. 

Ifa*-i* = J*-c*, 

sin*^ - sin*5 = sin* J? - sin* (7, 

sin {A - B) sin {A^B} = sin [B - G) sin [B + C), 

sin(^-J?) sin(7=sin(5- G) sin A] 
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therefore cot 5 — cot ^ = cot (7 — cot B ; 

, . 112 

therefore r + 



XdknA tanO tanJ5* 

xi. Find the radius of the inscribed circle of a triangle 
in terms of the angles and one side. 

If R^ r, r,, r^, r are the radii of the circumscribedj in- 
scribed, and escribea circles of a triangle, prove that 

^, + ^a + rg - r = 4iZ. 

For r^ -f r.^ + r-g — r 

B n C A A B 

cos — cos -- COS — COS — cos -— COS -- 

2 2.22 22 
^a- ^5- + i 5— + c -— 

cos— . COS— COS — 

2 2 2 

. B . C 

8,D - sm - 

-a 3— 

cos- 



a I 

= —7-^0 



^ . G\ 
^ sin —- 
2 2/ 



. ^ 5 (7 A . B G 

sin - COS-- cos— -f- COS — sin — cos- 
, 2 2 2 2 2 2 

s^n^cosj 

A B . C . A . B . G> 
-f cos— COS- sin— — sin - sm 
2 2 2 2 

. AA-B-hG 

2a sm 

2 2a _ 

»\nA smA 

xii. Prove that sin lies between and ^ - -— if 5 is the 

4 

circular measure of an angle between and 90**. 

If a triangle be solved from the observed parts (7=75**, 

6 = 2, a = V(6), shew that an error of 10" in the value of G 

would cause an error of about 3"'66 in the calculated value 

of J5. 
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The ultimate ratio of the error in B to the error in 

C (6g. U) 

, (AN AA'\ b , AN h 





— vv 


\AB- AC J c '" AA' c-^- 




V 


+ c'-a' 1 1 
2c' ~ 2 c' ■ 


And 




c' = a' + ff'-'2abcosC 

■ =6 + 4-V(6){V{5)-il; 


therefore 




ratio = -5 --134 = -366; 


therefore 




error in B is 3"-66. 
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Tuesday, Jan. 5, 1875. 9 to 12. 



Mr. Cockshott. Arabic numbers. 
Mr. Freeman. Roman numbers. 

1. Find an expression for the magnitude of the resultant 
of any number of given forces acting at a point in given 
directions in a plane. 

Prove that the resultant of forces 7, 1, 1 and 3 acting from 
one angle of a regular pentagon towards the other angles 
taken in order is \/(71). 

ii. = ^2cos-+10cos-j+(.4sm^J 

o TT .^ IT StT _, « StT 

= 4 cos* Tq + 40 COS Jq COS— + 84 cos' tt; + 16 
= 60 + 22 cos - + 20 cos -- + 42 cos - - 



= 60+22 f cos ^ - sin ^ j 

2. State the conditions for the equilibrium of any number 
of forces acting upon a body in one plane and prove that 
they are necessary and sufficient. 

If six forces acting on a body be completely represented, 
three by the sides of a triangle taken in order, and three by 
the sides of the triangle formed by joining the middle points 
of the sides of the original triangle, prove that they will be 
in equilibrium if the parallel forces act in the same direction 
and the scale on which the first three forces are represented 
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be four times as large as that on which the last three are 
represented. 

Each set of three forces will be equivalent to a couple, 
and the two couples will balance. 

3. If a system of parallel forces act at given points in a 
plane, find the distance of the centre of the system from 
a given straight line in that plane. 

A triangular lamina is supported at its three angular 
points and a weight equal to that of the triangle is placed 
upon it^ find the position of the weight if the pressures on 
the points of support are proportional to 4a + J 4 c, a -f 4ft + c, 
a -I- J + 4c, where a^h^c are the lengths of the sides of the 
triangle* 

The resultant of a + J + c acting at each angular point Is 
3 (a + J 4- c) acting at the centre of inertia of the triangle, and 
the resultant of 3a, 3ft, 3c acting at the angular points is 
3 (a -f ft -I- c) acting at the centre of the inscribed circle. 

Therefore the weight must be placed at the centre of the 
inscribed circle. 



4. Describe the common steelyard, and shew tbat tbe 
distances between the graduations are proportional to the 
differences of the weights to which they belong. 

In a weighing machine constructed on the principle of the 
common steelyard the pounds are read off by graduations 
reaching from to 14, and the stones by weights hung at 
the end of the arm ; if the weight corresponding to one stone 
be 7 oz., the moveable weight ^ lb. and the length of the 
arm one foot, prove that the distances between the gradua- 
tions are f in. 

If A CB be tbe beam, C the fulcrum, and the zero of 
graduations, then J at and /^ at B will have Ibe fiame 
moment about C as ^ at -B ; therefore 

i^CO-^{jrCB^\CB;, 

x> 
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therefore OB=lCB] 

therefore -- =- ^ = -2 inch. 

14 16 



5. Describe the dIflFerential axle, and find the ratio of the 
power to the weight. 

If the ends of the chain, instead of being fastened to the 
axles, are joined together so as to form another loop in which 
another pulley and weight are suspended, find the least force 
which must be applied along the chain in order to raise the 
greater weight, the different parts of the chain being all 
vertical. 

When W the greater weight (fig. 15) is raised, the force 
that must be applied either downwards on the inner de- 
scending chain or upwards on the inner ascending chain 

a-b W—W 
is --, - . , where a, h are the radii of the outer 

and inner pulley respectively. 

The force that must be applied either downwards on the 
outer descending chain or upwards on the outer ascending 

chain is 



a-h W-W 



a 2 



Therefore -.r- . :: — is the least force. 



6. State the laws of friction, and describe some method 
of verifying them experimentally. 

A glass rod is balanced partly in and partly out of a 
cylindrical tumbler with the lower end resting against the 
vertical side of the tumbler. If a and ^ are the greatest 
and least angles which the rod can make with the vertical, 
prove that the angle of friction is 

_i sin' a- sin' /8 

•A- tan . .^ ;; * t Q /S • 

^ sin a cos a + sin p cosp 
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The laws of friction are 

(i) That limiting friction is proportional to the pressure. 

(ii) That it is independent of the extent of surfaces in 
contact. 

(iii) That it is independent of tl^e velocity when motion 
takes place. 

(i) and (ii) are the laws of statical friction, and (i), (ii), 
and (iii) are the laws of dynamical friction. 

To prove experimentally the laws of friction a plane is 
taken which is capable of being inclined at different angles 
to the horizon and a number of blocks of the same substance, 
but of different weights and shapes, are placed on it. 

It will be found that the blocks begin to slide at the 
same angle of inclination of the plane to the horizon, (i) 
whatever be their weights, (ii) whatever be their shapes, 
which proves the laws (i) and (ii) of statical friction. 

This angle of inclination of the plane is called the angle 
of friction between the substance of the blocks and the sub- 
stance of the plane. 

If the plane be fixed at an angle to the horizon greater 
than the angle of friction, and the blocks be let slide freely, 
it will be found that they all slide together with the same 
acceleration, (i) whatever be their weights, (ii) whatever be 
their shapes, and (iii) that the acceleration is constant, which 
proves laws (i), (ii), and (iii) of dynamical friction. 

The surfaces in contact must be well lubricated for these 
laws to hold. 

Let 2a be the length of the rod and b the diameter of the 
tumbler (fig. 16). 

In the position of equilibrium the directions of the actions 
at A and C will intersect on the vertical through O the 
middle point of the rod. 

Therefore a ^m^^AE^AD cos</> = ^C "^i^-^^^^ 

^ sm^TT - /S - 2^) 

_ h cos^^ 

""sin/3sin()8 + 2</>)' 

c^. ., , . h cos'^ct 

Similarly a sin a = — v—, :- : 

■^ sma sin (a — 2^; ^ 
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therefore sin' a sin (a — 20) = sin'^yS sia(^ + 20) ; 

- ^ ... sin^a — sin'^iS 

thereiore tan 2© = -;— n ^-^-^^ :^ . 

sin a cosa-t sin p cosp 

vii. Explain how velocity and rate of change of Telocity 
are measured. 

A velocity of one foot per second is changed uniformly 
in one minute to a velocity of one mile per hour. Express 
numerically the rate of change when, a yard and a minute 
are the units of space and time. 

A velocity of one foot per second is a velocity of 20 yards 
per minute. 

A velocity of one mile per hour is a velocity of %^ yards 
per minute. 

The rate of change referred to yards and minutes is 
therefore 

8/-20 = 9J. 

viii. When the change of velocity is in a constant direc- 
tion and its rate uniform, prove that the spaces described 
from rest are proportional to the squareg of the times of 
describing them. 

A train moving at the rate of sixty miles an hour is 
brought to rest in five minutes by uniform retardation • 
Find the space traversed by the train during rjsductioiT of 
speeds 

« 

Answer 2 J miles, 

ix. State Newton's second and third laws of motion. 

A bullet is fired in the direction towards a second equal 
bullet which is let fall at the same instant. Prove that the 
two bullets will meet, and that if they coalesce the latus- 
rectum of their joint path will be one quarter of the latus- 
rectum of the original path of the first bullet. 

Refer the motion to two fixed directions^ one vertical^ the 
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Other that of the Kne which initially joins the two bullets. 
It is evident, since gravity is the only force, that when the 
two bullets are in the same vertical line they are also at the 
same point, having both been drawn down through the same 
space from the line which initially joined them. 

Secondly, the latus rectum of the path of a projectile 
varies as the square of the horizontal velocity, in that path. 
One of the bullets has no horizontal velocity; hence, after 
they coalesce, their masses being equal, the joint horizontal 
velocity is half that of the first bullet, and the latus rectum 
of the joint path one quarter. 



X. Shew how to determine the motion of two elastic 
spheres after direct impact, and prove that the relative 
velocity of each of them with regard to the centre of mass 
of the two is, after the impact, reversed in direction and 
reduced in the ratio e : 1 ; e being the coefficient of resti- 
tution. 

A series of n elastic spheres whose masses are 1, e, e', &c. 
are at rest, separated by intervals, with their centres on a 
straight line. The first is made to impinge directly on the 
second with velocity u. Prove that the final kinetic energy 
of the system is \{l — e-\ e) u^. 

m 

Let the sphere whose mass Is e' impinge with velocity 
V on the sphere whose mass is /*^. Let v\ v" be the respec- 
tive velocities of tho spheres after impact. 

The whole momentum being unchanged 

or v = u' + 6u". 

Also, the velocity of separation being e times the velocity of 
approach 

v" " V =ev'y 



therefore v" = r, 

and v'={l- e) v ;. 
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that IS to say, each sphere acquires the Telocity of the sphere 
which struck it, and the velocity of the latter is reduced in 
ratio 1 — e : 1. 

Hence the final kinetic energy of the system is 



xi. Determine the change in the square of the velocity 
of a particle which has descended through a given height 
down a smooth curve under the action of gravity. 

A circle is drawn to touch at their middle points the chord 
and arc of oscillation of a particle which is moving on a 
vertical circle under the action of gravity. Prove that a 
point on the first circle in the same horizontal line with the 

particle moves with velocity equal to 2 *J{gr) sin* -cos-, 

where r i& the radius of the circle on which the particle 
moves, and a, d are the angles which the radius drawn to 
the particle makes with the vertical at the instant when it 
i» stationary and at the instant considered. 

Let r be the radius of the arc A OB of the vertical circle 
over which the particle oscillates (fig. 17) ; p the radius of 
the circle which touches the chord AB and the arc A CB at 
their middle points 2>, G. 

Py Q simultaneous positions of the particle and corre- 
sponding moving point, FQN being always horizontal. 

w, V velocities of P and Q, L PEG = ^, z QFD = ^, 
LAEG^a. 

Then since (7iV= CF-V FN=\GD (1 4 cos^), 

r (1 - Gos^) = |r (1 — cosa) (1 + cos0), 

whence sm'-=sin'- cos ^ (1), 
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also since the vertical velocities of P and Q are equal 

u 8in^ = v sin0 (2), 

and w' = 25'Z>^=2^r(cos^-cosa)' (3). 

Therefore 
t?" sin" ^ = 2gr (cos — cos a) sin*^ 

= 16yr^sin»|-sin*-) 



sm — cos - 
2 2 



= 16yr sin* I ^1 - co3*|^ sin» | cos* | cos* - , by (1) 



= Affr sin* - sin'^ cos' - , 
^ 2 

whence v* = 4<7r sin* - cos' - . 

^22 



xii. Find the time in which a particle under the action 
of gravity describes from rest any arc of a cycloid terminated 
at the lowest point, the axis of the cycloid being vertical 
and its vertex downwards. 

Hence or from the rider to xi. determine the time of a 
small oscillation of a simple pendulum. 

Pendulums which beat seconds correctly in London 
(<7 = 32*19] and Edinburgh {g^32'20) respectively are inter- 
changed in station. If started simultaneously from the 
vertical position towards the left, after how many seconds 
will they again be both vertical and moving leftwards? 

To deduce th^ time of oscillation of a simple pendulum 
from the rider to xi., we observe that when a is small, cos- 
expressed by equation (1), differs from unity by a quantity 
of the same order as sin' - . 
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Hence v is approximately constant and equal to 

2 ^{ffr) sin' - . 

Tbas, time of P over A CB 

= time of Q over circumference of smaller circle 
2Tr.^r{l — cosg) __ 



1 — cosg) __ /^''\ 

X . 2 a " , y \gj 
r] sm - ^ ^ 



2 V(^0 

(It is easy to obtain the next approximation to the time of 
oscillation of a simple pendulum. 

For if the circumference DQC he divided into w equal 
parts, n being very large, time over element at Q 

IT , „a 
— r sin - 



n 



2 TT //r\ 

TT^ — 3=2;^VW'''2 



2^/{ffr) sin'' -cos - 



2n V \ff) 



v/0-in«|cos»?J 



Hence time of Q over semi-circumference DQC 

4 — , / - .Isin - icos- + cos +cos h...-hcos^ ' 

2n y \g 2{n 



n n n 



r * 



Now cosr - + cosin - r) — = 0. 

n ^ n 
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Hence when n is odd the series vanishes, and when n is 
even is reduced to its middle term which is multiplied by 
an infinitely small quantity. 

In either case the time over the whole circumference 
DQGD 



-^yH'^*"°1) 



and* this is the approximate time of swing of a simple pen- 
dulum, length r through an angle 2a from rest to rest). 

{Second Bider). 

The London pendulum, removed to Edinburgh, swings 

//QOIQV 

from rest to rest in a /(q^Tv) of a second. The Edinburgh 

pendulum, removed to London, swings from rest to rest in 

3220\ , , 

— — - ot a second. 
.3219/ 

By the condition of the question, the London pendulum, 
when at Edinburgh, must make two swings more than the 
other in the same time. 

Hence, if t be the time in seconds, 

= 2; 






tlierefore. 



//3219\ //322Q\ 

Y V322oy V U219 j 

< = 2 V(3219 X 3220) seconds 
= (3219 4 3220) seconds nearly 



= 1^ 47°^ 19«. 
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Tuesday, Jan, 5, 1875. 1^ to 4. 



Mr. Greenhill. Arabic numbers. 
Mr. Wright. Roman numbers. 

1. Define a fluid and prove that the pressure of a fluid 
at rest is the same in all directions about a point. 

Define the measure of the elasticity of a fluid and prove 
that if the elasticity is equal to the pressure, the pressure 
of the fluid is inversely proportional to the volume. 

A fluid is a substance such that the smallest shearing 
stress if continued will cause a constantly increasing change 
of form. 

When the fluid is at rest there must be no shearing 
stress, and therefore the stress must be uniform in all direc- 
tions about a point, and this will be true whatever be the 
degree of viscosity of the fluid. (Maxwell, Eeat^ p. 276). 

The elasticity of a fluid under any given conditions is 
the ratio of any small increase of pressure to the cubical 
compression thereby produced. 

If V be the volume of a given quantity of gas when the 
pressure is p^ and v the volume when the pressure is in- 
creased to p\ the increase being small, the cubical com- 

pression may be measured by — -,— . 



.2? — J) 

Therefore the elasticity is ^ <; , and if this is equal to /?, 



V— V 



V 

then p'v=pi\ 

This may also be proved by a diagram, as in Maxwell's 
Heat J pp. 107 and 111. 
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2. If a solid be immersed in a liquid the resultant pressure 
on the surface immersed is equal and directly opposed to 
the weight of the displaced liquid. 

Deduce the conditions of equilibrium of a floating body. 

If an elliptic lamina with its centre of gravity at an 
excentric point float in liquid, prove that there may be two 
or four positions of equilibrium and point out which are 
stable and which unstable. 

The lines of floatation will touch a similar ellipse, and the 
centres of inertia of the segments cut ofi" by the lines of 
floatation will also lie on a similar ellipse, the tangent to 
which at any point will be parallel to the corresponding line 
of floatation. 

If we draw normals from the centre of inertia of the 
lamina to this last ellipse, these normals will be vertical in 
the positions of equilibrium. 

Two or four normals can be drawn according as the centre 
of inertia lies outside or inside the evolute of this ellipse. 

The points of contact of the normals with the evolute will 
be the metacentres, and when a normal is vertical the equi- 
librium will be stable when the point of contact lies above 
the centre of inertia of the lamina, unstable when it lies 
below. 

3. Find the centre of pressure of a triangular lamina 
when immersed in liquid (i) with its base in the surface, 
(ii) with its vertex in the surface and base horizontal. 

If a quadrilateral lamina ABCD in which AB is parallel 
to CD be immersed in liquid with the side AB in the surface, 
the centre of pressure will be at . the point of intersection 
oiAG^ndiBD'iiAB'^^Gir. 

(i) The centre of pressure is at half the depth of the 
vertex. 

(ii) The centre of pressure is at three-fourths the depth 
of the base. 

Let E^ F (fig. 18) be the middle points of AB and CD 
and O^ II the centres of pressure of the /sABD^ and the 
A BCD respectively. 
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If the centre of pressure of the quadrilateral lie in BD^ 
taking moments about BDj 

AB.^.\AB= CD. I. %CD, 

AB'^SCITj 

and the same condition is obtained by taking moments about 
AG. . 

4. On the assumptions that "one perfect gas acts as a 
vacuum with respect to any other perfect gas,"^ and that 
" the volume of a perfect gas under constant pressure expands 
uniformly when raised from the freezing to the boiling 
temperature by the same fraction of itself whatever be the 
nature of the gas," prove that the pressure of a given quantity 
of a perfect gas is inversely proportional to the volume and 
directly proportional to the absolute temperature. 

Air is compressed in a vessel at a pressure p and at the 
same temperature as the atmosphere. An aperture is then 
opened, and shut the instant the air inside is at the at- 
mospheric pressure P, and it is found that when the air 
left in the vessel is again at the same temperature as the 
atmosphere its pressure is p. Find how much air has issued 
and the temperature at the instant the aperture was shut. 

Explain why p is greater than P. 

(Maxwell's Heat^ pp. 27, 30, 50, and 179). 

The air left in the vessel is — of the original amount, 

and therefore-^- — — of the air has escaped. 

p 

If T be the absolute temperature of the atmosphere and 

t of the air inside the vessel the instant the aperture was shut 

Pip' lit iT} 

PT 
therefore t = —r. 

P 

The air in escaping has done work against the external 
pressure of the atmosphere j the temperature has consequently 
fallen, and therefore t being less than T, p is greater than P. 
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5. Describe the barometer and explain to what Extent 
tte readings are affected by changes of temperature. 

If the barometer tube dips into a cyhndrical cistern of 
mercury and is suspended by a string which passes over a 
pulley and supports a counterpoise, prove that the ratio of 
the changes of height of the counterpoise to the corresponding 
changes of height of the barometic column is equal to the 
ratio of the interior sectional area of the tube to the annular 
sectional area of the tube. 

In the barometer (fig. 19) the height of the column is 
measured by a scale fixed to a brass rod pointed at the lower 
end and which can screw up and down. 

In taking an observation the point is made just to touch 
the mercury in the cistern, and the height of the column is 
read off on the scale. 

The only corrections for temperature are then the coeffi- 
cient of cubical expansion of mercury and the coeflScient of 
linear expansion of the brass rod which carries the scale. 

Let X (fig. 20) be the depth of the bottom of the baro- 
meter tube and z the depth of the surface of the mercury in 
the cistern below the level at which the surface would stand 
if the barometer tube were removed. 

Let h be the height of the barometric column, a the 
internal^ A the annular sectional area of the tube, G the 
internal sectional area of the cistern. 

Then Ax + {G-'A-a)z ="a [h - z)j 

ah — Ax 



«•= 



G-A • 



Let W be the weight of the counterpoise, W of the tube, 
a the density of mercury. 

The downward force of the air on the top of the tube is 
ffcrh {A + a) and the upward force of the mercury on the 
annular bottom of the tube is ffa'(k + x — z) A. 

Therefore the condition of equililjrium of the tube is 

gah {A-Va)-g(r{h + x-'z)A = W- W ; 
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therefore = aA — ^ f x — 5j) 

ga 

= -^—2 [ah --Ax). 

If }i\ X be corresponding changes of h and x^ 

ah! - Ax = ; 

X CL 

therefore t, = i - 

h A 

6. Define the density and specific gravity of a body and 
shew how the specific gravity may be determined by the 
hydrostatic balance. 

If P, P' be the weights which balance the body when 
suspended in air and in water respectively when the absolute 
temperature is t and the corrected height of the barometer 
is A, prove that the density of the body at the temperature 
Tis 

where a< is the density of water at the temperature <, k m 
the coeflScient of expansion of the body, and h is the density 
of air when the absolute temperature is T and the corrected 
height of the barometer is H. 

The density of a body is measured by the number of 
units of mass in the unit of volume. 

The specific gravity of a body is the ratio of its density to 
that of some standard substance, generally water. 

Let a be the correction for the buoyancy of the weights 
Pand P' in air; v^^ d^ the volume and density of the body 
at the temperature t. 

1/77 

The density of the air at the time of observation is 5. -^ j 

Z rp 

therefore P ( 1 - cr) = y ytZ^ - v,6 . -^j^ , 
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P' (1 — ff) = Vj^T— v,a,, 

.... , V, / Pa, P'b hT\ 

ehmmating a, dr= - [p^^, - p-^, . ^J 



vii. State the laws for the reflexion and refraction of a 
ray of light at a surface. 

Prove that a pencil of parallel rays of the same refrangi- 
bility will consist of parallel rays after reflexion or refraction 
at a plane surface. 

Two plane vertical mirrors intersect at right angles and 
a person looks into the angle formed by them. Prove that, 
supposing no light can be reflected at the line of junction 
of the mirrors, he will see only one eye in the mirrors and 
that if he shut either eye the image seen will be that of a 
closed eye-. . 

Let OA^ OB (fig. 21) be the mirrors; J?, F^ the eyes; 
E\ F' their images after two reflexions in the mirrors. 

E will see F' only and F will see E' only, and since EF' 
and FE' are parallel,- the two images will be seen in the same 
direction, and therefore give the impression to the brain of 
only one image. 

If F be shut, E will see the image F' shut, and if E be 
shut, F will see the image E' shut 

viii. Determine the geometrical focus of a pencil of rays 
after direct refraction at a spherical refracting surface. 

A hollow globe of glass has a speck on its^ interior surface, 
if this be observed from a point outside the sphere on the 
opposite side of the centre, prove that the speck will appear 

nearer than It really is by a distance <, provided that 

t the thickness of the glass is equal to the radius of the 
internal cavity and /a is the refractive index for the glass. 
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Let A be the speck (fig. 22) ; the centre of the 
sphere ; P,, P^ the foci after thefirst and second refractions ; 
therefore 



thcefore 



OP, 


t 


t ' 


1 

OP, 


opr 


2« ' 


A* 


3fi- 


-I 



OP, 2t ' 



AP.'^t-OP 



a 






IX. If a ray of light pass in a principal plane tlirough 
a prism denser than the surrounding medium, the deviation 
is towards the thicker part of the prism. 

Two triangular isosceles prisms are placed with two faces 
In contact and the refracting edges parallel, prove that the 
deviation of a ray which in passing through the combination 
in a principal plane is reflected at each base is independent 
of the refractive indices of the prisms and of the angle of 
incidence. 

If i be the refracting angle of an isosceles prism and <^ 
the angle of incidence of a ray measured positively towards 
the refracting edge of the prism; then if the ray be re- 
flected at the base, the angle of emergence will be ^ and 
the deviation towards the refracting edge of the prism will 
be 1 + 20. 

If another isosceles prism of refracting angle C be placed 
with a face in contact with a face of the first prism, then if 
the prisms be related as in fig. 23, will be the angle of 
incidence on the second prism, and the total deviation of the 
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ray towards the refracting edge of the first prism will be 
t + 2<f> — t — 2<^ = i—t'. 

Bat if the prisms be related as in fig. 24, — <f> will be the 
angle of incidence on the second prism and the total deviation 
of the ray will be i + 2^ + i' — 2^ = z -|- i'. 

X. Define the illumination at any point 'of a surface and 

Erove that the illumination due to rays proceeding from a 
right point varies directly as the cosine of the angle of 
incidence and inversely as the square of the distance from the 
bright point. 

Explain how units of brightness and illumination could be 
selected and defined. 

The unit of brightness is defined by a light which con- 
sumes a certain amount of oil or gas in the unit of time ; for 
instance, the light of a wax candle of certain weight to burn 
a certain time. 

The unit illumination would be that produced at unit 
distance from the light of unit brightness. 



xi. Shew how to find the focal length of a system of 
lenses of known focal lengths whose axes are coincident and 
which are separated by given intervals. 

If the lenses be all concave, each of focal length yj and 
such that the interval between the rth and (r + l)th lenses 
is equal to the distance of the focus after the rth refraction 
from the rth lens, and if the original pencil be parallel, prove 

that the distance of the wth fqcus from the nih lens is -^ /. 

Let Vj, ^2, V3, ... v^ be the distances of the foci from their 
respective lenses, then 



1 




1 




I 

2V. 


1 
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1 



therefore - = - -|- —.+ __- +._4 



therefore 



_ 2"-/ 

^»~2**-l* 



xii. Describe the Newtonian telescope and find an ex- 
pression for the magnifyine power. 

If the focal length of the reflector be 2 feet and the focal 
length of the eye-glass 1 inch, and if the instrument be in 
focus for a star to a person who sees most distinctly at a 
distance of 6 feet, prove that it requires no readjustment for 
a person who sees most distinctly at a distance of 2 feet and 
is viewing an object whose distance is 609 yards. 

Let F^ F' (fiff. 25) be the images of the star and object 
formed by the first mirror ; /, /' the images formed by the 
small mirror^ g^ g' the images formed by the eye-piece. 

AF^2 and^y +T?VT = i;* 
therefore ^i^' = fSM, FF = j^^. 

therefore Ff^j'si W ^'-^ih, 

therefore Eg' = 2. 
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Wednesday, Jan. 6, 1875. 9 to 12. 



Mr. Cockshott. Roman numbers. 
Mr. Wright. Arabic numbers. 

1. Upon the sides of a triangle ABG as bases are 
described three equilateral triangles aBGybCA^ and cAB^ 
all upon the same side of their bases as the triangle ABC. 
Prove that Aa^ Bb^ Cc are all equal and pass through a point 
which lies on all the three circles circumscribing the equi- 
lateral triangles. 

If Aa be produced (fig. 26) to meet the circle described 
round aBC in P, then LaPC^ 120" and ZaPB=60°; there- 
fore /: jBPC = 60°. 

Since Z. APc = 120°, therefore the circle described round 
I CA will pass through P, and L bPC= LbAC=- 60°. There- 
fore BbF IS a straight line. 

Since Z-4P5 = 60°; therefore the circle described round 
cAB will pass through P, and Z cPB^L cAB= 60°. There- 
fore cCP IS a straight line. ^ 

In the triangles AaC and P5(7, aC=BCj CA=Cb and 
LAaC^LbBCy therefore Aa = Bb. 

In the triangles BaA and J5Cfe, Ba = -BC, BA = Be and 
L BaA = lBCc', therefore Aa = Ce. 

ii. Given the circumscribed and inscribed circles of a 
triangle, prove that the centres of the escribed circles lie 
on a fixed circle. 

The circle circumscribing the triangle ABC is the nine- 
pointic circle of the triangle A'B'C formed by the centres of 
the escribed circles. 

If D be the centre of the inscribed circle, and of the 
circumscribed circle of the triangle ABC^ then A\ B\ C lie 
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on a circle of radius double the radius of the circumscribed 
circle and with centre at O on DO produced, such that 
D0'=:2D0. 

3. Out of m persons who are sitting in a circle three are 
selected at random ; prove that the chance that no two of 
those selected are sitting next one another is * 

[m — 4) (w — 5) 
{m -- 1) {m - 2) * 

If A be the first person selected, th« chance B i» not next 

, . . m — 3 

him IS . 

m— 1 

If A and B be next but one, the chance of which is 

2 

, G must not be next either, the chance of which is 



m-3 

3 _ w-5 

rAi — 2 w — 2 ' 
If A and B have at least two people between them, the 

chance of which is , C rnnst not be next either, the 

chance of which is 

4 m-Q 



TW — 2 m^2 
Therefore the whole chance is 

m — Sf 2 m — 5 m — b w— 6\_(iw — 4)(m— 5) 
«i~l W-3 * «i-2 m- 3 * «i-2/ "" [m - 1) (m - 2) ' 

4. A person has n sewing-machines, each of which requires 
one, worker and will yield each day it is at work q times 
the worker's wages as nett profits ; the machines are never 
all in working order at once, and at any time it is equally 
likely that I, 2, 3 or any other number of them are out of 
repair. The worker's wages must be paid whether there is 
a machine for him to work or not. Prove that the most 
profitable number of workers to be permanently engaged 

will be the integer nearest to " , — - . 

2+12 
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Let X be the number of workers. 
If 1 machine is out of order, the profits are qxj 
2 ! ya?, 

n^x ....#.r ,,, qXj 

n—x-\-l f ^(a;— 1) — 1, 

n-a;+2 g'(a;-2)-2, 



n— 1 2~:(^~ l)j 

n —a?. 

Therefore the average profit is 



1 
n 



[n — a?) ja? H- 



qx (a; — 1) x{x + 1) 



1 



2n (Vj+l 2j \ 2 + 1^2;!' 

which is a maximum when x = — ^ — ^ » or the integer 

2+ 1 2 

nearest to this. 

5. The unique solution of the equations 

a? + y __ « __ a; + y ^z ^xy 



a 



X 



IS 



y 



^ — ah 



a + b 



a (a- 5) + 2c' i (6- o) 4- 2c'' c (a + 6) (a- 5)* + 4c» * 
From the equations 

z ^x-y ^pj a;(a;-y) + 2g'' ^ y(y-a;) + 2g\ 
c a— 6 a b ' 
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therefore 



X 



(--^)+^^'(H) ^(^--)-^^^(siy 



^MMM = 



a b ' 

x—y = would require a — 6 = ; therefore 

a " b ' 

therefore 

X y ^-~y ^ 

a [a -b)-\r 2c' " J(J-a)+2c* ^ a^-b^ ^ cJaTbj ^ 



SLud 



therefore 



z z —xy 
c <?- ab 

_z^ ^{a-VbY + ab(a-bY'-2e^[<i-bY-^4.c'' 
"e»' {a^by((?-ab) 

_^^ [a^bY^4.c' 
"" V [a-\-bY ' 

z a + & 



e(a + J) (a-&)' + 4c' 



6. If -4', B*^j C be any points on the sides of the triangle 
ABCj prove that AB'.BC. GA' + B'G. C'A, = A'B the area of 
the triangle A'B'G' x twice the diameter of the circle cir- 
cumscribing the triangle ABG, 

AB'.BG'.GA' + B'G.C'A.A'B 
= AB\BG\GA' + (a^ - AB') {AB-^ BG') [BG-GA') 
= BG. GA.AB-BG.G'A,AB'-- GA.A'B.BG'-AB.B' G. GA' 
^4.B{^ABG-^AB'G''-^BG'A''-isGA'B') 
^LR.t^A'B'G'. 

vii. If a? = 2 co8(^ - 7) + cos(^ + a) + cos(5 — a) 
= 2 cos (7 - a) + cos(^ + /3) 4- cos(5 - ^) 
= - 2 cos(a — )S) — cos (^ + 7) - cos(^ — 7), 
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prove that aj = sin'^, provided that the difference between 
any two of the angles a, ^, 7, neither vanishes nor equals a 
multiple of ir. 

cobO (cosa + C0S7) = - cos (^ — 7) — cos(a — /9) ; 
therefore cos^ cos —--^ = — cosf ^ — ^] , 

so cos^ cos = — COS f a — = ] ; 

therefore 

^ + 7\ l3 + y 



cos 



a + 7 f P + 7\ P + 7 fo « + 7\ 

-^ cos («---)= cos ^~ ^o«(^" Vj' 



therefore 
cos|^— ^ 7|+cos-Y- =cos^— ^4 7J + cos— y— 

therefore 2 sin — ^ — sin7 = 2 sin (a - p) sin — — ; 

therefore, provided sin — — - is not zero, 

^ a— P , 0L-\- . . ^ 

sin7 = 2 cos — -— sm — - — = sma + smp; 

therefore cos 6? = — <50s^ — sin^ tan —~-^ 

= — cos^ — (sina — sin 7) tan —r- 
=■ — cosa - cos^ + C0S7 ; 
therefore a = 2 cos (^ — 7) + 2 cosa (—cosa — cosyS +C0S7) 
= 2 cos^ COS7 + sin'/9 + sin'7 — sina 

— 2 cos'a - 2 cosa cos^ + 2 cosa C0S7 
= 1 — (— cos a — C08)8 + COS7)* 
= 1 - cos'5 = sln'^. 
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viii. A circle and parabola touch one another at both 
ends of a double ordinate to the parabola, prove that the 
latus rectum is a third proportional to the parts into which 
the abscissa of the points of contact is divided by the circle 
either internally or externally. 

{^.27) FN' =^MN.NM' 
= MN[2N0^MN) =.MN{4.A8^MN) ; 
therefore AAS. AN= MN[lA8-\- MN) ; 

therefore 4tA8.AM= MN\ 

So also. AA8.AN= NM' [NM' - 4.A8) ; 

therefore 4.A8. AW = NM'\ 

9. Inscribe in a given parabola a triangle having Its sides 
parallel to those of a given triangle. 

Lemma. If from a point A (fig. 28) two straight lines 
AhB^ AcG be drawn meeting a conic in 5, B;^ c, (7; and 
BB\ CC be^ drawn parallel respectively to AcG^ AbB in- 
tersecting in P and meeting the conic In B\ C'j then B'C 
Is parallel to be. 

Ab.AB PC. PC 



x:ur 


Ac . AC " PB . PB" 


and 


AB=PC, AO=PB; 


• 

therefore 


Ab PC 
Ac ~ PB' ' 



and therefore be Is parallel to EC. 

K -4 He on the conic, then EC i% parallel to the tangent 
at -4. 

Let -4, jB, C (fig. 29) be the points of contact of the 
tangents to any conic parallel to the sides of the given 
triangle, and let AA' be drawn parallel to EC to meet the 
conic again in A\ BE parallel to CA to meet the conic In 
JS', and GC parallel to AB to meet the conic in G\ 



9—12] AND RIDERS. 41 

Then ABC will be the reqijired triangle. 
(In the same manner a polygon may be inscribed In any 
conic iaving its sides paarallel to the sides of a given polygon). 

X. Two given ellipses in the same plane have a common 
focus, and one revolves about the common focus, while the 
other remains fixed; prove that the locus of the point of 
intersection of their common tangents is a circle. 

Let 8. be the common focus of the two ellipses (fig. 30), 
H the other focus of the fixed ellipse, K of the revolving 
ellipse, fe, y the semi-minor axes. 

Let T be the point of intersection of the common tangents, 
and draw the perpendiculars SY, SY\ HZ, HZ', KW, EW 
on the common tangents. 

Then 8Y,nZ^V and SY.KW^F", 

and therefore -=^ = =7^, 

KW 

^ 1 _^ _^ SZ 

^0 also ^^, - j„ = ^^^ 

and therefore HKT is a straight line, and 

' HT_h^ 

But the locus oJF -S' is a circle, therefore the locus of T 
is a circle. 



11. Two elastic striAgs are fastened at a fixed point P 
and pass through fixed smooth rings A and B such that 
PA, PB are the natural lengths of the respective strings; 
the other ends of the strings are fastened to G and I) two 
points of a rigid lamina which is moveable in its plane about 
a fixed point 0. If A and B are in the same plane as the 
lamina and if the angles CO A, DOB are supplementary, 
and the system is in eq^uilihrium, prove that the equilibrium 
will be neutral. 

G 
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Let X, X' be the moduli of elasticity of the strings; then 
the condition of equilibrium is (fig. 31) 

\_AP BD OK^AP OB^ DN 
X'" BF'AC 0~H^ BP' OA' CM 

_AP OB OP 

~ BP' OA' OC 

which is independent of the position of the body, and there- 
fore if there is equilibrium in one position there is equilibrium 
in all positions. 

xii. A beam AB lies horizontally upon two others at 
points A and G, prove that the least horizontal force applied 
at jB in a direction perpendicular to BA which is able to move 

the beam is the less of the two forces fiW- ^ and f—— * 

where -4JS=2a, AC=^h^ W is the weight of the beam, and 
fi is the coefficient of friction. 

The maximum friction at C is —7 — , and at A is. 

-j-\b-a). 

(i) If C is fixed, the friction at A is perpendicular to BAy 
and if P be the force applied at B, 

and force at C7 =^pr(^j + -^), 

which is less than the maximum friction if 

a 2a {b — a) ^ 4a 

(ii) If A is fixed, P= ^-— , and force at A = fiW — «7- y 
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which is less than the maximum friction if — f — > —-7 — , 
^ 4a b 2b 

(lii) If J = — J slipping begins at both points and P= ^-^ . 

Pmust obviously be applied perpendicularly to the rod, 
to be a minimum. 

xiil. A bucket and a counterpoise, connected by a string 
passing over a pulley, just balance one another, and an 
elastic ball is dropped into the centre of the bucket from a' 
distance h above it; find the time that elapses before the 
ball ceases to rebound, and prove that the whole descent of 

the bucket durine this interval is — ^tf ti 7i i where ?w, 

^ 2M-\-m (1-e)^ ' 

M are the masses of the ball and the bucket, and e is the 

coefficient of restitution. 

Let' V be the velocity of the ball just before the first 
Impact. 

The relative velocity after the first impact is 6v, and the 
relative acceleration is g^ since the acceleration of the bucket 
is zero. 

Therefore the time during which the ball rebounds is 

2v , 2 8 N 2t; e ^ /(2h\ e 
9 5^ l-« V ^9 J 1"« 

Let F^, F, Fj... be the velocities of the bucket during 
the intervals between the first, second, third, ... impacts. 

Then F. = ^ii±^.v, 

^ * 2M-\-m ' 
? 
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and the space described by the bucket Is 

2me ^ v* 4:mk e 



{2M+m){l--ey' g 2M-{^m' (l-e)*' 

xiv. A particle is projected from the foot of an inclined 
plane and returns to the point of projection after several 
rebounds one t)f which is perpendicular to the inclined plane: 
if it takes r more leaps in coming down than in going up, 

.u . * .a 2 V(l-«0-2(l-O ,. . . 

prove that cot a cota = ^^ — —-^ — r-~ -^ where a is the 

^ (1 - e) e' ' 

inclination of the plane, the angle between the direction 

of projection and the plane,' and e the coefficient of restitution. 

What is the condition that it may be possible to project 

the particle so that one of its impacts, m«ty be perpendicular 

to the plane ? 

Let n be the number of leaps going up and w + r the 
number coming down the plane, and v the velocity of pro- 
jection. 

Considering the motion perpendicular to the plane, the 

. , , ^, , 2v smd 2ev sina , 

times occupied by the leaps are , , .... and 

^ g cosa g cosa 

considering the motion parallel to the plane, since the rfi^ 

impact is perpendicular to the plane, the time occupied by 

the first n leaps is — ; — , and the time of cominc: down m 

^ g sma ° 

equal to the time of going up; therefore 

vcos^ 2t7sin^,^ , ^., 

— : — = (l+e + e'+...+ e"*) 

g sma g cosa 

2V Sind . n »+i 9n4.r-i\ 

« {e"" + e***' +. . .+ e^""^) ; 

g cosa ^ ' ^ 

therefore 1 -2e" + 6'**'' = (l)j 

therefore e = \. — -^ , 
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the negative sign being taken to the radical becaase e < 1 ; 
therefore 

(1 - e) € 

The condition that it may be possible to project the par- 
ticle so that one of its impacts may be perpendicular to the 
plane is that the equation (1) should give an integral value 
of n for an integral value of r. 

15. If in BA^ GA two sides of a triangle ABC two points 
D^ E be taken respectively, such that BA : AC :: EA : AD 
and O the middle point of DE be joined to -4, and if BS, 
CK be constructed in the same way as AO^ shew that 
A O^ BE J CK intersect in a fixed point 0. 

Prove also that if from perpendiculars be drawn to 
the sides of the triangle the sum of their squares is less than 
the sum of the squares of the perpendiculars from any other 
point. 

If OQ^ OB (fig. 32) be drawn perpendicular to CA^ ABj 
GQ: GBiiADiAE:: CA: AB, 
and therefore at 

OL:OM:ON::BCiCAiAB, 

if OLj OMj ON be the perpendiculars on the sides of the 
triangle ABC. 

(BE is parallel to the tangent at A to the circumscribing 
circle and may be called an anti-parallel to BCy and may 
be called the centre of anti-parallels.) 

IS jx^ y^ z be the perpendiculars on the sides of the 
triangle ABC and a, J, c the sides, 

(a« + J« + c»)(a;* + y» + «'0 = («^ + 5y + Ci3y'* 

+ (fe — cyf + {ex — azY + [ay — Ja?)*, 

a minimum when 

x: y I z :: aih I c^ 

since aoj + iy + cz is constant, being double the area of the 
triangle ABC. 
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XVI. A body is describing an ellipse about a centre of 

force in the focus, and when its radius vector is half the 

latus rectum it receives a blow which causes it to move 

towards the other focus with a momentum ^ual to that of 

the blow ; find the position of the axis of the new orbit 

1 — g« 
and shew that its eccentricity is — — , where e is the 

eccentricity of the original orbit. 

Let LQ^ LR (fig. 33) represent the velocities of the body 
before and after the blow, then QR represents the velocity 
generated by the blow,- and therefore QR = LRj and QR 
is parallel to L8. 

The blow is therefore towards the centre of force and the 
latus-rectum is unaltered in magnitude. 

Hence 8L being a radius vector of the new orbit equal 
to half the latus-rectum coincides with the latus-rectum in 
position. 

L8' being the tangent to the new orbit, 8' is the foot 
of the directrix, and the eccentricity is 

8L _l-6' 

88'^ 2e • 



17. A cone floats in liquid which fills a fixed conical 
shell : both the cone and the shell have their axes vertical 
and vertices downwards : the vertical angles of the cone 
and shell are equal and the axis of the shell is twice that 
of the cone. If the cone be pressed down until its vertex 
very nearly reaches the vertex of the shell, so that some 
of the liquid overflows, and then released, it is found that 
the cone rises until it is just wholly out of the liquid and 
then begins to fall. Prove that the densities of the cone 
and the liquid are in the ratio 45-21 y[7) : 4 v^(7), the free 
surface of the liquid being supposed to remain horizontal 
throughout the motion. 

In the two positions in which the velocity of the cone 
is zero, the heights of the centre of gravity of the cone^nd 
liquid are equal. 
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Let p be the density of the liquid, <r of the cone, A 
the height of the cone; in the second position the height 
of the surface of the liquid is v (7) A ; therefore 

f.2A. — - tan'a.p — f.A. — - tan*a(p — o-) 

therefore {45 - 21 ^(7)} p = 4 ^^.(7) c. 

xviii. A conical cup of uniform thickness -floats in water, 
with its axis inclined to the vertical at an angle Q and the 

fraction m of the axis below the level of the surface of 

8* X 

tlie water ; prove tbat cos'e/ = - — - — , where 2a is the 

8 — 9w ' 

vertical angle of the cone. 

Let O (fig. 34) be the centre of inertia of the conical 
-cup, H of the water displaced; then QH is vertical. Let 
AD^h,^ then AE^mh^ AG^\lh. 

Zmh 



8 



cos 6 {tan (^ - a) + tan (^ + a)} ; 



- - 16 . ^ cos^ sin25 

therefore - — sm Q = 



dm cos*^ — sin'^a' 

therefore 8 (cos* - sin' a) = 9m cos* 0. 

19. B stands in front of a plane vertical mirror, find the 
position that A must take in order to see jB's profile directly 
and J?'s full face by reflection at the mirror ; determine in 
what cases no such position exists. If B without changing^ 
his station t^im on a vertical axis, prove that the locus of A 
will be a rectangular hyperbola whose vertices are B and 
the image of B in the mirror. 

If J?' be the image of B (fig* 35), then if G be the point 
of the mirror towards which B is looking, the angle ABC 
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must be a right angle. The angle CBB' must therefore 
be less than half a right angle. 

Draw -4^ perpendicular to BB\ then the triangles ABN 
and AB'N are similar; therefore AN^=:^BN.B'N^ and the 
locus of ^ is a rectangular hyperbola with its vertices at 
B and B\ 

XX. A hollow acute-angled triangular prism, whose ends 
are perpendicular to its axis, is capable of reflecting light 
at its inner surfaces ; if it is placed with one face on a 
horizontal table and a small pencil of light Is admitted 
through a ho'le in one face immediately opposite an ^dge so 
as to be Incident upon the bottom face airectly tinder the 
top edge, prove that the axis of the pencil will emerge at 
llie hole after five reflections at the faces and one at each 
end of the prism if the direction of first incidence makes 
with the axis of the prism an angle 

, ^, a cos^ + J cos5-f c cosO 
tan^ ■ 1 , 

where ABC is a transverse section and I the length of the 
prism. 

The course of the light Is the same as that of a perfectly 
elastic ball. 

The projections of the path on a transverse section ABG 
perpendicular to the axis of the prism must be the triangle 
DEF^ where i?, E^ F are the feet of the perpendiculars from 
A^ B, G on BG, GA^AB. 

The projection of the ball will describe the perimeter of 
DEF twice while the ball moves once up and down the 
prism. 

Therefore the ratio of the velocities perpendicular^ and 
parallel to the axis of the prism 

2 perimeter of the triangle DEF 
" 2 length of the prism 

a cobA + I cos-B+c cos (7 

J- 



( 49 ) 



Wednesday, Jan. 6, 1875. 1 to 4. 



IfR. Greenhill. Arabic numbers. 
Mr. F&ebman. Roman numbers. 

1. State and prove Newton's first lemma. 

Prove that the quadrilateral of ma^m^m area that can be 
formed with four straight lines AB^ BGj CD^ DA of given 
lengths is such that a circle can be^esOTbed about it. Hence, 
prove that the curve of give^ length which on a given chord 
encloses a maximum area is an arc of a circle. 

Let AD^ EG (fig. 36) intersect in 0. Keeping AB fixed 
displace (7 to (7 aod i> to -D' ; is the instantaneous centre 
of CJ). 

The area being a maximum ABCD^^ABC'D' tp the 
first order and ODC= OD'C to the same order. 

Therefore ^ABO = ABG'OD\ 

It ^-^ = 1, and since L AOD'^iBOG'^ 

OA on 

Z«~^, = l, 0A.0D=0J3..0C, 

and therefore a circle can be described about ABCD, 

If -BO, GD^ DA be replaced by any number of straight 
lines -5(7, GD^ ... KA^ a successive application of the method, 
will prove that the area enclosed will be a maximum when 
the angular points of the polygon lie Jp^ a circle ; and pro- 
ceeding to the limit when the number of the sides is in- 
definitely increased, the curye of given length, which encloses 
the maximum ai^a, "^ili be the arc of a circle. 

H 
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2. State and prove the eleventh lemma. 

If OFj OQ be the tangents to a small arc PQ of con- 
tinued curvature, prove by Newton's method that the ratio 
OF+OQ- SLTcFQ : SircPQ-choriPQ tends to the limit 
2 : 1 as the arc PQ is indefinitely diminished. 

Let the involute PB (fig. 37) of the arc PQ be drawn 
meeting OQ in Bj and FN be drawn perpendicular to OQ 
to meet it in Nj and let the tangent FT to the involute 
meet OQ in T. 

Then It rjigjTQ "^ ^' ^^^ therefore It ^^^ = Ut -^^ = 4 

diameter of curvature at P of arc PQ. 

TB TB 

Since IB varies as TP^. therefore It ^vt= #i ot It -vTTi-= 2. 

If the circular arc PA be described with centre 0, and 

the arc PC with centre 0, then Z^ Tpr-r = 2 ; U -77^,^ = 2 ; 

TA AB 

and therefore Zi^ -t^-^^ *= 2 : therefore It ^77; = 2 : or 

(7^ ' BG ' 

Z< OP+O^-arc P^ : arc P^-chord P^ = 2 : 1. 

3. A body moves In a plane curve and the radius drawn 
to it from a point in the plane which is either fixed or moves 
uniformly in a straight line describes areas about the point 
proportional to the time. Prove that the body is acted on 
by a force tending to the point. 

If a body moves in a conic section so that the resolved 
part of the velocity perpendicular to the focal distance is 
constant, the force tends to the centre of the conic section. 

Let V be the velocity at the point P (figs. 38, 39). 
The resolved part of the velocity perpendicular to the* 
focal distance 

SZ_ SZ' __ S 'Z' ±8Z _ CY 
^^' 3P^^ S'P^^ STtSF^^'GA'' 

Therefore v.GYis constant, and the force tends to C. 
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4. Find an expression for the law of force under which a 
body will describe a given orbit about a centre of force. 

If 8 be the centre of force and 8Y the perpendicular on 
the tangent at a point F of the Qrbit, prove that the accelera- 
tion at F is equal to the product of the velocities of F and Y 
divided by 8Y. 

Let 8V represent the velocity at F (fig. 40), 8V. 8Y is 
constant. 

Then if T be the time the body takes to move from F to 
F'j the acceleration at F 

-7 ZZl-.? YZl rr^ _ sv yy' 

9 

= product of the velocities of F and Y divided by SY, 

5. A body describes an orbit under the action of a force 
tending to and varying as the distance from a fixed point, 
prove that the orbit is an ellipse, and shew from elementary 
considerations, that the periodic time Is the same for all 
circumstances of projection. 

A number of bodies which describe ellipses about the 
centre of force as centre In the same periodic time, are pro- 
jected from a given point with a given velocity in different 
directions in a plane. Prove that their paths will all touch 
a fixed ellipse with the given point as focus. 

If G (fig. 41) be the centre of force, F the point of pro- 
jection, since the velocity at F and the periodic time are 
constant, therefore CD the diameter conjugate to CF is 
constant. 

If the tangent at Q be at right angles to the tangent at 
Pand intersect it in F, then GY^=-CF'+Cir is constant. 

QV ihe normal at Q is an ordinate of the diameter PP', 
and therefore bisects the angle FQF'. 

Therefore FQ-vQF^2CY, and therefore the locus of Q 
is an ellipse with foci P, P, and all ^he orbits will touch this 
ellipse. 

Compare the Rider to ix, Monday morning, Jan. 4. 
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6. A body describes an ellipse about a centre of force in 
the focus, fina the law of force. 

If 8 be the centre of force, A the nearer apse, P the body, 
and a small impulse which generates the velocity T act on the 
body at right angles to SF^ prove that the change in the 
direction of the apse line is given approximately by 

~ (? -^cosASP) SP sin ASP, 

where e is the excentricity of the orbit and h twice the rate of 
description of area about ^8*. 

Let the normal at P (fig. 42) meet the apse line in <?, 
and let OL be drawn perpendicular to 8P. 

The radial velocity being unaltered by the impulse, if 
PHg be the new normal and GH be drawn parallel to PL to 
Mfeet PHg in -H", then 

aH_ T ^ T.SP 

PL "" transverse velocity h 

If 8g be the new apse line, and gl be drawn perpendi- 
cular to 8P, then PL being the old and PI the new semi- 
latus-rectum 

PI __ ( h + T. 8P \' iZ_ _ 2T.8P 

PL^K h J' PL" h ' 

neglecting T j therefore i? = 2 QH. 

Let /iA8P=-0, L8PG = ylr, 

Sa sin^_^ esing LI ^ GH 

8P " sin {d-ylr) ~ ^' '^ 1+e cos^ ' ^ 2 cos ^ cosi|r * 

The change of direction of the apse line 

= LG8g = LG8E-\-LH8g 



S^(? ( cos-f 

T.PL 2 sin(9 + esin^cos^ 



eh ' 1 + ecos^ 

=,^ f-+cos^jfiPsin^. 
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vii. Shew how to determine the meridian and latitude of 
a place by observations made with an altazimuth on a cir- 
cumpolar star. 

In north latitude 45° the greatest azimuth attained by 
one of the circumpolar stars i» 45° from the north point of 
the horizon. Prove that the star's polar distance is 30°. 

Let a be the star (fig*. 43) wtien its azimuth NZfi is 
greatest and equal to 45°. 

Let Pa produced meet the prime vertical, horizon, and 
meridian in rjj f, j? respectively. Then f is the pole of 
afij hence ?o- =v 90° = {/a ; but fiN= 45°, hence /8f = 45°, and 
Sp = 45°, therefore ^jp is isosceles and angle ^8p = 90°, there- 
fore if 8v be drawn perpendiculai' to ^p it will bisect it and 
the angle at 8. 

Hence the three right-angled triangles PZo-^ ^/Sv, p8v 
have the same hypothenuse, and one angle the same (45°), and 
are therefore In other respects eCpxol. 

Therefore Pa = f v = vp. 

But P^ = 180° and ?o- = 90°. 

Therefore Pa = 30°. 

It may be proved also, that in this position the star's 
altitude afi is equal to Its hour angle aPZ^ 

viii. Describe the arrangement of the axes of motion and 
graduated circles of an equatorial telescope, and state the 
errors of adjustment to which it is liable. 

If the telescope be fitted with a divided object-^glass, shew 
how to measure by it the distance between the cusps of the 
partially eclipsetl sun and the rate at which that distance 
Increases. 

« 

Determine previously the* reading of the micrometer head 
which moves one-half of the object glass, for the position 
when the twe^ Images coincide, and the value of one revolu- 
tion of the screw. 

Open out the two halves of the object glass, and turn the 
cell which contains th«m about the coUimatlon axis of the 



54 SENATE-HOUSE PROBLEMS [Jan, 6, 

telescope, until the four cusps of the two images are in one 
line; superpose the upper cusp of one image on the lower 
cusp of the other, and note the reading of the micrometer 
head and also the time. The difference of the reading from 
the reading for coincidence of images will give the distance 
between the cusps. 

Next open out the two halves &till further through any 
arbitrary number of revolutions of the screw, and, if the 
eclipse is not central, continue to turn the object glass cell so 
as to keep the four cusps in one line, and note the instant 
when the two cusps formerly superposed again coincide. 
Divide the arbitrary number of revolutions by the number of 
seconds between the observations, and multiply by the valtie 
of one revolution to obtain the rate of increase of the cuspidal 
distance. 

ix. Explain the annual course of changes in the length 
of the day at places in mean latitude, on the arctic circle, 
and on the equator. 

Prove that at a place on the arctic circle the daily dis- 
placement of the point of sunset is equal to the sun's change 
in longitude during the same interval. 

' In fig. 44, NE8W are the. cardinal points of the horizon 
of a place on the arctic circle. 

E^ WT is the position of the equator, and To £s the 
position of the ecliptic when the sun o is setting. 

Now, the co-latitude of a plane on the arctic circle is equal 
to the obliquity of the ecliptic. 

Hence the angle oTW^is equal to the angle TTFo. 

Therefore Wo =To, or the sun's distance from the wedt 
point of the horizon at sunset is equal to the sun's longitude, 
and therefore the daily displacement of the point of sunset is 
equal to the sun's change in longitude since the sunset. 

X. Explain how mean time, and apparent time are 
reckoned. Define equation of time, and prove that it vanishes 
four times a-year. 

A clock at Cambridge keeps Greenwich mean time; 
what time did it indicate when the sun's preceding limb 
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arrived at our meridian to-day? Longitude 22^*75 E.; sun's 
semi-diameter passed meridian in 1"* 10®'62 ; equation of time 
6°^ 2'»-88. 

On the 6th of January, the equation of time must be 
added to apparent time to obtain mean time. 

When the sun's preceding limb crossed the meridian, the 
apparent time at Cambridge was 

12^ - 1°^ 10«-62 = 11^ 58°^ 49'3.8. 

Add to this 6*" 2^*88 to obtain Cambridge mean time, and 
subtract 22®*75 to obtain Greenwich mean time. 
Result 12^ 4^ 29« 51. 

xi. Account for the error of aberration in the observed 
position (1) of a star, (2) of a planet ; and prove that all stars 
are displaced by aberration towards the same point on the 
ecliptic. When has a planet no aberration ? 

The velocity of Venus is to that of the Earth as 47 : 40. 
Determine the aberration of Venus at inferior and superior 
conjunction, the constant of aberration for a star being 20"'44. 

A planet has no aberration when it is stationary. 

Assuming Venus to move in the plane of the ecliptic, the 
velocity of Venus relative to ,the Earth at superior conjunc- 
tion is I J, and at inferior conjunction -^-^ of the Earth's 
velocity. Hence the aberration of Venus at those times is 
+ 44"-46 and - 3"-58 respectively. 

xii. Explain the phenomena presented by a satellite of 
Jupiter to an observer on the Earth. When will the eclipses 
be best seen? State the influence of the phase of Jupiter on 
the times of beginning and ending of the transits and shadow- 
passages of a satellite. Shew that the effect is small. 

On May 19th, 1874, at l^ P.M. Jupiter was stationary. 
Near that time the following succession of phenomena oc- 
curred with the first satellite. 



Transit Ingress 
Shadow Ingress 
Transit Egress 
Shadow Egress 



18d 6^ 34°^ 
18d 7^ 43°" 
18^ 8^ 51°" 
18d 9^ 59°^ 



2od ih im 
20^ 2^ 12ni 

20d 4I1 28'°. 
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Find the periods of the sidereal and synodic revolutions of 
this satellite, and the Jovicentric elongation of the Earth 
from the Sun when Jupiter was stationary. 

When Jupiter is in quadrature with the Sun, the points of 
immersion and emersion of the satellite in the shadow of the 
planet are least likely to be concealed by the disc of the 
planet. 

. Transits of satellites are referred to the line joining the 
centres of the Earth and Jupiter. 

When part of Jupiter's disc yisible to the Earth is not 
illuminatea by the Sun, the exact time of the beginning or 
ending of a transit cannot be noted, but only the contacts 
with the boundaries of the visible illuminated portion. The 
ingress may be retarded or the egress accelerated. 

Passages of the shadow are referred to ithe line joining 
the centres of the Sun and Jupiter. 

When part of Jupiter's illuminated hemisphere is not 
visible to the Earth, the whole shadow passage cannot be 
observed, the ingress may be retarded or the egress acce- 
lerated. 

On account of the great distance of Jupiter from the Earth 
and Sun, thid phase is small and its effect inconsiderable. 

Middle of first transit 1 8^^ 7^ 42°»-5 
„ second „ 20^ 2^ 9°°'5 

Difference . 1^ 18^ 27°^ 

This is the sidereal revolution of the satellite, for Jupiter is 
stationary. 

Middle of first shadow passage 18^ 8^51°^ 
„ second ' „ 20^ 3^20°^ 

Difiereuce . 1^ 18^^ 29°^ 

This is the synodical revolution of the satellite with respect to 
the Sun. 

Interval between middle of first transit ^ -^ Qm.K 

and first shadow passage f 

Interval between middle of second")^ ^^ lo^'^i 
transit and second shadow passage... J 

Mean interval . 1*" 9™'5 
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Hence the angle of elongatioil of the Earth and Sun, seen from 
Jupiter when he was stationary, is equal to 



( 58 ) 



Thursday, Jan. 7, 1875. 9 to 12. 

Prop. Tait. Roman numbers. 

Mr. FrB'EMAN. Arabic numbers. 

1. If P^ be the numerator of the r^^ convergent to the 
continued fraction whose quotients are q^^ ^^"'^n'i ^^^ ^^ 
Pr be the numerator of the r^^ convergent to the fraction 
whose quotients are q^^ Jn-f*?! 5 P^^^ve that 

Assuming that 

11 111 



sJN=A + 



^1+ 2.+ ff.+ ff,+ 2^+ ' 

and that n is the number of the recurring quotients q^^ 

P P 

q^,,.2Aj if 7^", 7?** be the n^ and 2n^^ convergents to ^Nj 

prove that ^ = '^^'h <2„, and P,„ = 2P„' + (- 1 p. 

For the rider, it is convenient to assume the following 
notation, which is employed in a tract on The Expression 
of a Quadratic Surd as a Continued Fraction^ by Thomas 
Muir, M.A., Glasgow, 1874. 

Let K{abc.,.l) denote the numerator of the last con- 
vergent to the continued fraction «+ 7 ...7 regarded 

as the result of an operation on the quotients a, 5, c...?. 
p 
Then if -^ be the r^^ convergent to the continued fraction 

which expresses s/[N)^ 
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P, ^ -gfjg., g,..g. ) 

K{q,q,..qM)-K{q,..q,) + K{q,..q,).K{q^..q;i- " ''^ W. 

_ {2^.ir(jg,..g,) + j£-(jg,..gj} ir(g,..g,) + g(^g,..g.).g(g...g,) 

= {^-g(^g,..g.)+ir(jg...gj}g(g...g,)+^(^g,..g,)(^.g(g,..g.)+g(g...gj} 

2^(g...g,).i:(^g...g.) 

_ Jr(^g,..g,^).^(g,..g,) + K(Aq,..q,y 
2K{q^..q;).K{Aq^..q^) 

Therefore, 

^^^-^^'''=K{Aq,...q,Y-KiAq,...q^A).Kiq,...q,) 

(7). 

Now, if we consider the continued fraction whose quotients 
are Aj q^^ ^a-'-^aj Ju -^j i^ number w4l, and take the 
difference of the two last convergents, 

^(^g..-g.) _ J^Mg.- ••?.><) (-i r 

'S:(g,...g.) K{q^...q,A) K(3^...q,).K{q,...q,A)' 

we see that (7) becomes 

P.O -P =(-l)"0. 

2. Prove that one of the values of 
log {1 + cos2^ + V(- 1) 8in2^} is log (2 cos^) + V(- 1), 

when is between — - and + - . 

Deduce Gregory's series for the expansion of in terms 
of tan 0. 
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Prove ako that one of the values of 

8in"*{co8^ + V(-l)8iii^} 
is cos"' V(8m ^) + V(- 1) log { V(slii 0) + V(l + sin 6) } 

when Is between and — . 

If t« = -.l, 

log(l + cos2^ + i sin2^) = i log (4 cos* 0) + {nir + 0) t, 

and log (1 + cos2^ + i sin 2^) 

= log (2 cofi'^) + Iog(l + i tan^), 

expanding log(l + i tan5), and equating the coefficients of i, 
we have Gregory's Series 

wTT-f- ^ = tan^- J tan'^+..., 

where mr + lies between — ~ and + — . 
If we assume 

sin'*(cos^4 t sin^) = a + ^St, 

cos^ + » sina = sina — \-% cosa — ^r — | 

ia ia 

cos^ = sina — ^r — , sina = cosa — - — | 

ia 2 

^^ cos(g--a) ^.^^ co&(g + a) 
cosa sina ' cosa sina ' 

cos*a sin^a = cos' — sin^a^ 

sin'a = l±sin&. 

If lies between and — , 

sina = V(l - sin^), cosa= V(8in^), eP = *>/(fiin0) + V(l + sin 5). 
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3. Prove that the equation to the circle which cuts at 
right angles three circles whose equations are given in the 
form [x — a)* -f (y — J*) = c^ is 



x' + y% 



««" + K - ^8*1 «85 *8J 1 



= 0. 



Prove that the diameter of the circle which cuts at right 
angles the three escribed circles of the triangle ABC is 

-; — 3 (1 + C0S-B COS (7+ cos (7 cos-4 + cos 4 cosJ?)*, 
sm^ ^ 

The condition that the circle 

x^ + f-^2afl - 2b^y + a^*-\- 5^»- c,*= 0, 
should cut at right angles th« circle 

may be written 

a^« + j^«»c,»-2aa,-2J5, + a' + J»-c**=0, 

eliminating a, J, and a' + J*— c'*, we have the required result. 
In the rider take as axes of x and y the exterior and 
interior bisectors of the angle A ; let a, /3, 7 be the centres 
of the escribed circles, and r„ r,, r^ their radii, and I) the 
diameter of the circumscribing circle 

on • ^ -» C^ 
r, = 2x^ sm — cos ;rCOs — , ... 

ia ia iS 

Ap=:r^ sec — =2Z> sm— cos— ; u47 = 2Z> C03-- sm— . 



-4a = u4p cot - = 2Jy COS ^ cos - . 

£t M Ik 
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Hence 



^ r .7. B G ^ 

a^ = 0, 0^ = 2D cos - cos -- 



are the 



and 



B G 
a, = - 2 Z) sin - cos -- , 6« = \ coordinates 

5 (7 
a3=2i>cos- sin-, 63 = 

-4 J? (7 
a/ + h^ - r^* = 42^'' cos* ■-- cos* •- cos' — , 

Jt Ji 2 

if then the equation to the orthotomic circle be 

the square of the diameter = f ^ j + ( ^) + -)^ > ^^^ 

-a = 4i> cos ■- cos 77 cos ■-- , 

2 Jd 2 



0. 



■^ = 2i>sin- sm-^, 

Q ^^( . ,^ B-G B 

-p= 2x> ( sm — cos — cos 



G' 






2 



IS U\ 
— cos — , 
2 2y ' 



i? ... -4 

-7> = Z)* siujB sin (7 sin* -- , 
A 2 



whence the result. 



4. Prove the relation ^ (a;) - ^(0) =aj^'(^a;), where 
is a proper fraction, stating the conditions subject to which 
it is true. 

Hence deduce Maclaurin's Theorem for the expansion of 
f{x) in ascending powers of x. 
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s 

Prove that, when x Is between — - and 4 ^ , 

-3 cosa;-^cos3ir + -5 cosSa;-... to infinity ^"a ['T''^} ' 
Assuming the form of the expansion of Maclaurin's series 



n w+1 



f[x) =/(0) + xf (0) +...+ j^/' [x) + p^-^-j .R, 

where R =/"*' (x) + -^ /"" (a;) + ... is a function of x. 

Let ^ [z] =f{x) -f[z) -{X- z)f («)-...- i^^' . 2?, , 
then ^'(,)=(^r{iZ_y-'(^)}, 

and0(a?) = O, 0(O)=O; therefore 0'(fe) = O, and therefore 

R=r'{Ox). 

TP /., X cosaj cos3aj 

If /W = -^3 38— + ••• , 

.„, , _ cosa; cos 3a! _ tt 

7 W T"*""!"" 4' 

for all values of x between — — and — , and therefore 

2 2 ' 

/" {dx) ^ ; also /' (0) = ; therefore f[x) =/(0) - "^ , 

and/(|) = 0,therefore/(0)=g, and/(a;)= ^ (t'^'J- 

V. Solve the equation ' 

A being essentially positive. Point out the effect of the 
relative magnitudes oi Jc and n upon the form of the ex- 
pression for X. 
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Give a graphical representation of the relation between 
X and t when k<n, 

[Maxwell's Electricity^ §731. Thomson and Tait's Eh- 
merits of Natural Philosophy j §295]. 

vi. Form the equations for the equilibrium of a flexible 
elastic string, of uniform material, under the influence of 
any system of forces ; supposing Hooke's Law to hold for 
all amounts of extension. 

Let one end be fixed to the rim of a wheel, sufficiently 
rough to prevent slipping, and let the other be attached 
to a mass resting on the ground, so that when the string 
(of length a) is just taut it shall Jbe vertical. Show that 
the work which must be spent in turning the wheel so as 
just to lift the mass off the ground is 

Mffa + Ealog^^, 

where E is the tension which would double the length of 
the string, neglecting the weight of the string.. 

At any stage of the operation let x be the unstretched 
length of the part already wound on the wheel. 
Then the tension, by Hooke's law, ia 

a — x 

adx 



Under this tension the stretdied length of dx is 



a — x^ 



and the work done in winding it on is the product of these 
quantities, or 

dW^Ea ''7^''\^\ dx. 

[a — x) 

This is to be integrated from T—Q to T^Mg^ or from 

a? = to ic= TT- ^Tr-1 whence the result. 

E-hMg^ 



\ 
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vil. Explain how Carnot's idea of reversible cycles of 
operation has rendered an absolute, definition of temperslture 
possible. 

Define the intrinsic energy of a substance; and calling 
it E^ explain fully the physical signification of the quantity 
<l> defined by the equation 

dE = - pdv + Jtd(f>. 

By the help of this equation find the value of ^ in terms 
of V and t for the ideal perfect gas. 

[Talt's Thermodynamics^ §26, 204, 186, 198]. 



8. Two parallel plane conducting surfaces infinite in 
extent are at a given distance, and contain a known quantity 
of electricity on each unit area of their opposed surfaces, 
one of the surfaces being maintained always at zero potential. 
Determine the electric energy due to the distribution of 
electricity on opposite unit areas. 

If each surface of a second pair of infinite plane conducting 
surfaces separated by the same distance and unelectrified is 
connected by a conducting wire with one of the surfaces of 
the first pair, determine the change in the electric energy of 
opposite unit areas on the first pair, and account for the 
apparent disappearance of energy. 

Let e be the electricity on unit area of one of the plan^ 
surfaces, and let its potential be -4, the potential of the other 
plane surface being zero and the distance between them c. 
It may be proved by the method given in Maxwell's Elec" 
tricity^ § 124, that 

A 

4776= — 
C ' 

and if Q be the electric energy due to the distribution of 
electricity on opposite unit areas, 

K 
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When the second pair of planes is connected with the first 
pair the surface density becomes Je, and the electric energy 
due to the electricity on opposite unit areas is given by 

Corresponding to each unit area of the first pair of planes 
there is an apparent loss of energy given by 

Half the energy has disappeared, and has been transformed 
into work done by electric forces, generally in the form of 
light, sound, and heat of a spark, and of heat in the dis- 
charging conductor, whilst the electricity was being distributed 
over a larger surface. 

ix. Define the Action of a particle moving under given 
forces. 

Jets of water escape horizontally from orifices along a 
generating line of a vertical cylinder kept always full. 
Show that (to axes inclined 45° to the vertical) the equation 
of the lines of equal Action for unit mass of water is of 
the form a a a 

• Show also that the line of equal time for particles of 
water issuing simultaneously from the orifices is the free 
path of the water which leaves the vessel by an orifice at 
a depth below the surface due to that time. 

Measuring x vertically downwards and y horizontally in 
the direction of issue, if f be the depth of an orifice, for the 
water thence escaping (fig. 45), 

y = V(2;?l), y = V(29?) t, x = V{2^ [^ " ^)}, » " ? = Igf- 
Action of unit mass ==Jv^dtj 

'* ^ xdx 



= V{2j) {I (a; -1)2 + 21(0^-1)5}. 
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By the values of x and y, eliminating «, ^"^=7^'^ 

therefore 2f = a3+ V(^*"-y')> where either sign may be given 
to the radical. 



Therefore f =. | i^lifl^zJ^ZJ^Y , 



and the Action = '^^ {{x +yf + (^c-^^)^}. 

If we change to axes inclined 45° to the vertical we must 
change x-\-y into x V(2), and a? — y into y V(2), and the 

. . 2* .\/(g) , I a 

Action = — P^^ (i» +y )• 

o 

Were there no gravity the line of equal time would be 
yz=i^J{^2gx)t^ a parabola with vertex at the origin and para- 
meter ^gf. 

But gravity takes all particles down through \gf in the 
time f, and the velocity depends on the height only,. not on 
the particular orifice from which the particle started. 

Therefore all are on the path of the particle wljich left 
the cylinder at a depth \gf. 

X. What is meant by the equilibrium theory of the 
tides? 

Give from it, without formulae, a general explanation 
of the lunar semidiurnal, diurnal, and fortnightly tides. 

Point out, also without details, the mode of taking 
account, in this theory, of the distribution of land and water. 

In the equilibrium theory the sea-level is at every instant 
a level surface for the attraction of the Earth and Moon. 

To treat the problem of the tides statically, the Earth 
is fixed and the Moon is divided into two halves, moon and 
anti-moon, which are supposed to revolve round the Earth's 
axis once in the lunar twenty-four hours with the line joining 
them inclined to the equator at an angle equal to the Moon's 
declination. 
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% 

There will be a rise and fall twice in every lunar day, 
which will be the lunar semi-diurnal tide. 

When the Moon is not on the equator and also in con- 
sequence of the unsymmetrical distribution of land and water 
the two tides in the lunar day will not be equal, so that to 
produce the resultant effect a tide of period a lunar day must 
be superimposed on the lunar semi-diurnal tide, and this is 
the lunar diurnal tide. 

In consequence of the variation of the Moon's declination 
there will be a variation with a period of a fortnight of 
the average height of water at any place, and this effect 
can be produced by the superposition of a lunar fortnightly 
tide. 

To take aeccount of the distribution of land, and water, the 
level surface of the sea must be such that the part of it which 
bounds the sea encloses the same volume of water. 

[Thomson and Tait's Natural Philosophy^ §807, 808, 809.] 



\ 

\ 

V 



( ca- ) 



Thursday, Jan. 7, 1875. \\ to 4. 



Prop. Tait. Roman numbers. 

Ma. Greenhill. Arabic numbers. 

1. Find the polar equation of a conic section referred 
to the focus as pole, and the polar equation of a chord and 
a tangent. 

A hyperbola Is described similar to the given hyperbola 

- = I + e COS0 having the same focus and touching it at the 
point = a, prove that the length of its latus rectum will be 

€'' + 26 cosa+1 ' 

and the equation of the common chord of the hyperbolas 

will be 

I ^ c + cosa f^ , 

- = e cosa — e- cosfa — a). 

r 1 + 6 cosa ^ ' 

Let the equation of the hyperbola be 

- = l"tccos(^-/3), 

then the equation of a pair of common chords of the hyper- 

perbolas is 

?+Z' 

-^=^- = e cos0±e cos(^ — yS). 

z+r •' 

If = e cos^-|-ecos(^-/9) • 

be a tangent where ^ = a, 

Z + Z' __ 6 + e cosyS __ e sin/S ^ 
Z "" e-f cosa sina ' 
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,1 A ■ ^ sina , T e'*- 1 

therefore tan-- = and r - «— , 

2 e + cosa I e+26cosa+l 

and the equation 

l-T 

= 6 cos ^ — cos {0-13) 

reduces to 

I ^ e + cosa .^ . 

- =e cos^— 6 cosf^— a). 

r l + ecosa ^ ^ 

2. If a, J, c be the sides, A^ jB, G the angles, and E the 
spherical excess of a spherical triangle, prove that 

. E 
am A sinJ5 sin (7 1 2 



sina sini smc 2 . a . b . c 

sm- sm- sin- 
2 2 2 

If (7=-4 -I- J5, prove that the chord triangle is right- 
angled, the angular radius of the circumscribing small circle 

. c ^ , E , a , b 
IS -■ and sm — = tan- tan - . 

2 2 2 2' 

If the arc CD be drawn making the angle ACI) = A^ 
then the angle BGD = B ^ndi AD = DC=^ DB. 

Hence 2), the middle point of the arc JB, is the centre of 
the circumscribing small circle, and if the radius to B meet 
•the chord AB in rf, d is the centre of tlie plane circle cir- 
cumscribing the chord triangle ABCj and therefore the chord 
triangle is right angled. 

Therefore sln'£ = sin»| + sin»|, 

cose = cosa + cos5 — 1, 

, . E ^ cosa cosJ — cose 

and sm -- = — cosC = -, ^-^ 

2 sma sm6 

1 - cosa - cos J -f cosa cos J , a , b 

= . . -, = tan ■- tan - . 

sma sm6 2 2 
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(This spherical triangle in which one angle is equal to 
the sum of the other two is more analogous to the right- 
angled plane triangle than the spherical triangle which has 
one angle a right angle.) 

3. Explain Homer's method of approximating to the real 
roots of an equation. 

Find to two places of decimals the roots of the equation 

The roots are 0*47, 1-65, 3-88. 

4. If Xj y be the rectangular, r, 6 the polar coordinates 
of a point which moves once round the perimeter of a closed 
curve in a certain direction, prove that the area of the curve 
is expressed by jxdy or —fydx or ^Jr^dd. 

Interpret these expressions when the perimeter cuts itself. 
Prove that the areas of the two loops of the curve 

r*--2ar cos - 8ar + 9a* = 0, 

are {327r + 24 V(3)} a' and {IGtt - 24 V(3)l a\ 

As the point travels round the perimeter in the direction 
so as to have the area of the curve on the left hand, the sum 
of all the elements xdy for the same value of y (fig. 46) 
will be the area of the curve cut off by two straight lines 
parallel to the axis of x at distances y and y + dy^ and 
therefore the whole area is Jxdy, 

Similarly the area is —fydx (fig. 47), and ^Jr^d0 (fig. 48). 

(Since xdy-j-ydx=d.xy is a complete differential, therefore 
J{xdy'^ydx) = round a closed curve; but xdy — ydx = r^dd 
is not a complete differential, therefore J(xdy — ydx) = fr^dd 
depends on all the intermediate value of x and y, and is equal 
to twice the area of the curve. 

An integrating factor of xdy^ydx is -, ,, and then 

X -{■ y 

I —4 — sT" = M^ = or 27r, according as the origin is 
outside or inside the curve). 
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If the perimeter cuts itself (fig. 49) tbe value of any one 
of the integrals taken round a loop will be wmerically equal 
to the area of the loop, and positive or negative, according as 
the area of the loop is to the left or the right of the point 
as it travels round the perimetcrr of the loop. 

Therefore, if the point travel once round the perimeter the 
value of any one of the integrals will be the sum of the areas 
of the loops which were on the left hand diminished by the 
sum of the areas of the loops which were on the right hand. 

The curve is a lima<jon or nodal Cartesian oval (fig. 50) 

- =4 -I- cos0± V{(1 + cos^) (7 + cos^)}, 

r* 

— = 24 + 16 co8 + cos20±2(4+cose) V{(l + cos^)(7 + cos0)}. 

The area of a loop is J J r^dd^ the upper sign being taken 
with the radical for the outer loop, the lower sign for the 
inner loop. 

Now /,'' (24 + 1 6 cos ^ + cos 20)d0 = 247r, 

and if sin--=2sin^, 

2 2' 

/^ (4 + cos^) V{(1 + COS0) (7 + cos^)} d9 



= 8 [' (5 - 8 sin' I) cos' I rf^ 
= 4 P (3 

•^ 



+ 5 cos<^ + 2 cos2^) d(l> 



= 4 {tt + 3 V(3)}, whence the result. 
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5. Prove the diflferential equation 37^5 + w = ^^^-^ for the 

au n u 

motion of a particle under the action of a central force P. 
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If P=/Au'*(l + A'sm'0~* find the orbit and interpret the 
result geometrically. 

J + u==^(l+A:«rin«^)-f. 

Multiplying by cos 5 and integrating 

du , ^ . ^ fM C co&OdO 

dd A' J(H- k"" sin^d)i 

fi smO , 

Multiplying by sin 5 apd integrating 

du . ^ a M' f BinOdO 

-^ Sm C7 — 16 cos C/ = ys I— Tj 7= j-^rr 

^i9 A' J (1 + i' - A" cos' ^)f 

_ • fl COS0 ^ 

^therefore ^=Trrr-T^ *s/{l+Ji? sin'^)4--4 sin^ — J5cos^, 

the equation of a conic section, the projection of the orbit 
of an undisturbed planet inclined at an angle tan'Vc to the 
plane of reference. 

yi. K f , 17, 2f be continuous functions of the coordinates, 
and represent the components, parallel to .three rectangular 
axes, of the velocity of a point at x^ y^ z] shew thg^ the 
rate at which the dilatation, thus produced, takes pl^x^e i^ 
the group of points near a?, y, « is 

Shew, by actual integration, that 

where the integrations extend, respectively, thijougb th# 
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volume and over the surface of a closed space S] l^ m^ n 
being the direction-cosines of the outward-drawn normal to 
the surface-element ds. 

Shew that this equation expresses that no points come 
into or go out of existence duririg the motion. tDoes it 
matter whether 8 is simply-connected or no? Give your 
reasons. 

K x\ y\ z* be the coordinates after an infinitesimal time 
dt of the particle originally at xyz^ 

x'^X'\-^dt^ y = y + ^^^j z' = z + ^dtj 

and if the group of points which filled the parallelepiped 
dxdydz now fill the parallelepiped dx'dy'dz\ 

dx dx ^ dy dy ^ dz dz ^ 

and to the first order the volume of the parallelepiped 
dx'dy'dz' 

- h (i ^ 1 4V} "^*- 

Therefore the rate of dilatation is -^ + -^ 4- ^ . 

ax dy dz 

If the base dydz generate a prism by moving from — oo 

to +00 parallel to the axis of x and cutting out from the 

surface B successively at entrance, and exit the elements 

of surface ds^^ d$^j ds^^ ... (fig. 51), 



= //(?,f A -I- ^,f A + h^^A +•••)= jji^^i 

since dydz = — l^ds^ = l^ds^ = — l^ds^^^ . 

Similarly 

1 1 /-^ dxdydz = I Imrjds and 1 1 l-j dxdydz = I jn^dsj 
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and therefore 

///(i^|+i)'^**=//''f*'»'-^»9*- • 

The left-hand side is the rate at which the contents of 8 
diminish. The right-hand side is the excess of the rate of 
escape from 8 over that of entrance into it. 

If these are equal no points can come into or go out of 
existence, since 8 is any closed surface whatever. 

If fi^ be multiply connected, draw diaphragms so as to 
make it simply connected. 

Then the points that pass these diaphragms are counted 
both at entrance and escape, hence it does not matter whether 
8 is simply or multiply connected. 

vii. Define the terms quantity and potential as applied to 
a charge of electricity, and the term capacity as applied to the 
conductor on which it is distributed. Point out the numerical 
relation between these quantities, and shew how to find the 
energy of a given charge on a conductor of given capacity. 

Two spherical soap-bubbles are caused to unite into a 
single spherical one. Shew that a diminution of surface 
takes place, and calculate the charge of electricity which 
must be given to the single bubble in order to draw out 
the film to its former superficial extent. 

The quantity of a charge is measured in electrostatic 
units, the unit being that quantity of electricity which, when 
placed at unit distance from an equal quantity, repels it 
with unit of force. 

The potential at any point is the work required to convey 
unit of negative electricity from that point to an infinite 
distance, supposing the distribution of electricity not to be 
disturbed by induction. 

The force varying inversely as the square of the distance, 
the potential of a small quantity m of electricity at distance 

r is I —2- = — , and therefore the potential of an electrified 
body IS S — . 
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The electric force at any point in any direction Is equal 
to the rate of decrease of the potential in that direction, and 
therefore the surface of a conductor ih electrical equilibrium 
is an equi-potential surface. 

If one conductor be insulated while all the surrounding 

conductors are kept at zero potential by being put in 

communication with the earth, and if the conductor when 

charged with a quantity E of electricity has the potential Vj 

• the ratio of ^ to V is called the capacity of the conductor. 

The capacity is therefore the charge required to produce 
unit potential on the conductor. 

The energy of the charge 

where C denotes the capacity. 

[Maxwell's Eketridty^ §41-50, 85]. 

Let r, / be the radii of the soap-bubbles, p^ p' the 
pressure of the sur inside them, 'cr the atmospheric pressure^ 
T the superficial tension of the soap-bubble filmy 

» i>"57=: — 27— 'nr = — -r ' 

r T ^ ^ r 

If the two bubbles condense Into a slngfe bfibble of ra:ditfs 
jB, and if P be the pressure of the air inside, 

P-tsr = ^ and /w»+y/'==:PjB« by Boyle's law, 

therefore isr (£» - / - r'") + 2 r(£' - r" - r") = 0. 

Therefore if S F express the increase of volume, hS the 
increase of surface, 

3cjSF+22TSfi'=0. 

Now physical circumstances shew that the tendency Is to 
an increase of volume and a diminution of surface ; both can 
thus be satisfied. 

If p be the surface density of the charge required, and if 
B be the radius of the bubble, F the pressure of the air 
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inside, the electric pepalsion on any surface element ds is 
along the radius and of magnitude 27rp*dsj and the action 
of the charge is equivalent to an additional pressure 27rp' in 
the interior. 

2F 
Theffefofe P' + 27r/5'-«r = -gr , 

and FE"^pr'+j)'r'% 

therefore^ 2'7rp'B'^ = isr [E^- r^ - O) 

since jB" = r* + /', and the required charge is ^irpR'^- 

viil. Give a general explanation of the mode in whicfi 
a sotfdd-wave is propagated, and point out why its velocity 
in air depends upon the temperature but not upon the 
pressure. 

Investigate, on thermo-dynamical principles, the velocity 
of propagation of plane waves of sounRf. 

Consider plane waves of longitudinal displacement per- 
pendicular to the front propagated in an unlimited medium. 

Take the axis of x in the direction of displacement, and 
suppose arbitrary velocities u=f[x)^ and arbitrary dilata- 
tions 8 = <l>{x) to be given to the medium between a; = 
and x = lj the remainder of this medium being supposed 
undisturbed. 

The motion being supposed small, we may consider the 
resultant motion by superposing two states of motion de-« 
fined by 

u^ = -as^=^{f{x)—a^{x)}^ 

M, = a^j = i {/ (^) + <^^ (^) 1 • 

Considering the initial state of motion in which u^ — asj 

let the curve OVL (fig. 52) represent the velocities of the 

particles between and i, such that FV represents the 

velocity of the particles which at rest were at distance 

PV 
OP from the initial plane x = 0] then represents the 

dilatation. 
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After a time dt^ taking PP' = adtj the increment of 
velocity of these particles 

= (pressure at P — pressure at P') dt 

-7- mass per unit of area between P and P' 

1 

= (pressure at P— pressure at P') — 

=..1.^.^ = 1.^.S. = 1,.^(P'F'-PF), 
a dp Pq a dp a dp ^ ■ ' 

neglecting squares of u and 5, which is equivalent to con- 
sidering the velocities and dilatations in the actual position 
the same as in the mean position. 

Therefore if we take <** = ;^ ; then after a time dt the 

velocity at P will be represented by P'Y\ and therefore 
»the motion will be represented by sliding the curve OVL 
wnth velocity a in the positive direction. 

Therefore the initial state of motion in which w^ = — ew^ 
gives rise to a wave propagated without change oi form in 

the positive direction, with velocity <^= a/ i;/ ) • 

Similarly it may be shewn that the initial state in which 
u^ = as^ gives rise to a negative wave. 

If we increase p^ in any ratio, j9, by Boyle's law, will be 
increased in the same ratio, and the ratio of the moving 
forces to the masses moved will be unaltered, and therefore 
the motion will be unaltered. Hence the velocity of pro- 
pagation is independent of the density and pressure. 

For the second part we have the exact equations 

^'de'^ dx' p '^ dx' 

Also because the compressions and dilatations are rapid, 
neglecting conduction, radiation, &c.- by Thermodynamics, 

£- = (py = ^ 



(-i)" 
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where ^ is the ratio of the specific heat at constant volume 
to the specific heat at constant pressure ; therefore 






% 



'•■FIT' 



the exact differential equation of motion for finite displacements. 
With the usual approximation this reduces to 

de "^ p/ dx'' 
and therefore the velocity of propagation is , /( yS ~ j . 

ix. Investigate an expression for the mutual potential 
energy of two bar magnets which are placed, in any 
positions, at a distance from one another great compared 
with the length of either. 

Employ it to find the positions of equilibrium when the 
magnets are free to turn about their middle points in given 
planes, distinguishing between stable and unstable positions. 

Calculate the disturbances produced on each other's in- 
dications by a variation-compass and a dip-needle whose 
relative position is given. 

If {otn/z)j {x'y'z') be the centres of the magnets, JIf, M[ 
their moments, and Imriy I'm'n! their direction cosines, then 
the mutual potential energy 

"'="^^ G) 

\ dx dy dz] \ dx dy dzj r 

MM' 

[lT[^{x^xJ- r'}+...+3(7nn'+w'n)(y-y)(i5 - «>...]. 



T 



[Tait, Thermodynamics^^oi^ G] Maxwell, Electricity ^%^^1\ 



80 



SENATE^HOUSE PROBLEMS 



\Jan. 7, 



For the second part taking the line joining the centres 
of the magnets equally inclined to the coordinate axes 

MM' 
W= —3- {mn' 4. m'n + nV + n'l + Im' + Tm), 

this is to be a maximum or minimum in the positions of 
equilibrium subject to the conditions 

IX -{- mfi + nv =0y P + m** + n' = 1, 

where \/iv^ X'/mv are the directioji cosines of the axes about 
which the magnets are free to turn. 

Therefore Xdl + fidm + ydn = Oy Idl •{■ mdm + ndn = 0^ 

dl dm dn T , 

= -^r — T- = ^ r- = a^ suppose. 

rnv — nfi nK—Lv ifju — mX '^'^ 

MM' 
dW=—Y- {{:ni' + n') dl + [n' + 1) dm + {V + m) dn 

+ (m + w) dl' + (n + Z) dm! + (Z + w) dn'} 



MM' 



m'-\-n'^ fi'^Vy T+rri! 



I 



1 
1 



m , 



n 

V 



c?^+ 



I' , w' , w' 



d'^' 



> • 



'Therefore the condition of equilibrium of the first magnet 
jfpr a given direction of the second magnet is 

rri-^-n'^ n' + l'^ I' + m' 

Z , m J n =0, 

or the lines whose direction cosines are 

(Zwn), (Xa*v), (7/1' + w', 7i!-\-l'^ Z' + 7/i'), 

lie in a plane. 

Refer all the directions to the surface of a sphere, and 
Jet (fig. 53) denote the direction of the line joining the 
centres of the magnets, and let C4, GB denote the planes 
in which the magnets are free to move. 
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Then If B denote the direction in which the second 
magnet Is held, and BO be produced to B' such that 
tanOJ?'s= J tan-BO, it may be easily proved that B' denotes 
the direction of the line (m'+w', n 4-f, V-\-m) ; and, therefore, 
if BA be drawn perpendicular to (7-4, A will be the direction 
of the first magnet in the position of equilibrium relative 
to B. B will also be in equilibrium relatively to -4, if when 
AO is produced to A' such that tan 0-4' = ^ tan^O, AB is 
perpendicular to GB. 

if we eliminate Vmv! between the equations we get an 
equation of the second degree in Imn^ which combined with 
IK + rw/i -f wi' = 0, gives two values of I: m : n^ to each of 
which corresponds a value of Vim': n\ 

If CA = 0, CB==ff>] LACO = a, iBCO^fi, G0 = 8, 

MM* 
Tr=— 3- {(Z + m + w)(? + w'+n')-(Z? + 7wwi' + nw')} 

MM* 
=s — 8- (3 cos 0-4 cosOjB-cos4^) 

MM' 
« — 8- (3 [cosO cos8+sin^ slnS cosa)(cos^ cos8+sin^ slnS cos^S) 



« - {cosO co3ff> + sin sin^ cosa + /3)} 
= a COS0 cos^ + & sln^sln^-fc smO cos0+<2cos& sin^, 

if as — ^ (3 cos*S— 1), 6= ... . 

dW dW 
In the position^of equilibrium --^ = 0, -tt- = ; or putting 

X = tan 0^y^ tan ^, 

" aX'\-hy'\-c — dxy = 0, —ay-\-hx-- cxy + c?= 0, 

two homographic relations between x and y. 

Therefore (iD"-l)(ac + Jc?) + aj(a'*-:j*-c' + rf") = 0, 

If a;^, y^\ a;,, y, be the roots of these equations, since 

M 
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^1^8 =^^^2 = — h ^^^ ^^^h magnet the directions of equilibrium 
are at ngiit angles, and 

rf^^ rf0» \ddd(i>) " '^^^ '^^ • 



Now 

therefore if ac + Id and a;, be of the same sign, so also will 
ad+lc and y,, W^ is a ma-ximum or minimum, and the 
directions given by x and y^ give four positions of equilibrium, 
two stable when W^ is negative, two unstable when W^ is 
positive. 

W^ is then a maximum-minimum, and the directions given 
by x^ and y^ give four positions of equilibrium which are 
stable-unstable, that is, stable for some displacements, unstable 
for others. 

In the simplest case when the planes in which the magnets 
move are parallel, the stable and unstable positions of equi- 
librium are in the plane through the liift joming the centres 
of the magnets perpendicular to the ^planes m which the 
magnets move, and the stable-unstable positions are per- 
pendicular to this plane. 
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For the third part of the question, in the variation- 
compass and the dip-needle, the planes are at right angles, 

dW dW 
and —^ , -J— are the couples interfering with the effect of 

the earth's directive force. 



i" 
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Monday, Jan. 18, 1875. 9 to 12. 



Fbof. Tait. Boman numbers. 

Mb. Wbight. Arabic numbers. 

1. Demonstrate formulae involving polar coordinates 
for the position of the centre of inertia of a plane lamina and 
of a solid. 

If the density at any point of a circular disc whose radius 
is a vBry directly as the distance from the . centre, and a 
circle described on a radius as diameter be cut out, prove 
that the centre of inertia of the remainder will be at a 

distance rz tt: fro"^ the centre. 

lOTT- 10 

The mass of the large circle if complete 

= /o* M'r . 27rrdr = f/ATra". 
The mass cut away . 

Therefore, if G is the centre of the large circle, and B 
the centre of inertia of the circle cut away,^ 



7 racoso 



rj racoBv 
2 I I /JLr.r co80.rd0.dr 

Therefore the required distance is 

3a 



^ Ts K/i i/« 3a 



CB = -is^-i r-j = | f' cos'edO = 



'i'^'"'' Ba 



i/jLira* - ifm^ IStt - 10 ' 
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2. Find expressions for the accelerations of a moving 
point estimated (a) along and perpendicular to the radius 
Tector ()8) along the tangent and normal. 

If a curve be described under a force P tending to the 
pole and a normal force N^ prove that 

Eesolving along the normal 

^ P 

resolving along the tangent 
therefore, eliminating v', 

whence the result. 

' 3. A particle moves under the action of given forces on 
a ffiven smooth surface, shew how to determine the motion 
and the pressure on the surface. 

Given the resultant impressed force and the velocity of 
the particle at any point, determine by a geometrical con- 
struction the osculating plane and the centre of curvature 
of the path on the surface. 

Let 8 be the surface (fig. 54), M the particle of mass m 
projected in the direction MT with velocity v, and let F be 
the resultant impressed force represented by MF. 

If N be the normal reaction of the surface represented 
by MNj we can consider the particle as moving freely under 
the action of the resultant K^ represented by MK^ of F 
and N; KMT will then be the osculating plane of the path. 
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N is unknown, but is determined from the condition that 

if MI be taken equal to -^ ,. where R is the radius of 

. curvature of the normal section made through MT\ then MI 
is equal to the algebraical sum of MN and the projection 
o( MF on MN. 

The osculating plane being then determined, if a line be 
drawn through I at right angles to the plane IMT^ it will, 
by Meunier's theorem, meet the osculating plane in Jff, the 
centre of curvature of the path. 

iv. Form the equation of motion of a rigid plate of any 
form consequent upon one of its points being constrained , 
to move in a given manner in the plane of the plate. 
Integrate it for the special cases of uniform rectilinear, and 
uniform circular, motion of the point. 

Apply your results to explain the action of a flail, gravity 
being neglected. 

Let f , r) be the coordinates of the point given in terms 
of^; a; = a COS0, y = a sintf the relative coordinates of the 
centre of inertia of the plate ; X, Y the component forces 
applied^by the constraint. Then 

M(^ + x) = X, M(v^y)=rY^ mi m'd = Xy--Yx. 

Therefore k^0 = (i + a?) y - (^ + y) x-^y-vx- a% 

[k'-^d')0==^]/-vx. 

(1) In the case of uniform rectilinear motion of the point 

• • • • 

1 = 0, ^ = ; therefore ^ = 0, and the plate rotates uniformly. 

(2) In the case of uniform circular motion of the point 

f = — Jn* cosntj f) = ^hn sinnt ; 

therefore \^ (^^j {6 "nt)^" j^-^, sm [6 - nt)^ 

which represents pendulum motion about the uniformly re- 
volving radius^ 
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These two cases explain the flail. The handle Is worked 
so that the joint has the circular motion until the striker 
gains its maximum angular velocity; the motion of the joint 
IS then changed into the rectilinear motion, when the striker 
continues to move with the same angular velocity until the 
hlow is delivered. 

v. Write down Euler's equations which give the angular 
velocities of a rigid body about its principal axes, and 
inteipret the various terms. 

If a constant couple be applied about the axis of symmetry 
of a body supported at its centre of inertia, and initially 
rotating about an axis perpendicular to that of symmetry, 
* determine the motion completely ; and shew that the cone 
described in the body by the instantaneous axis has the 
equation 

tan ^ — =: 



y A * ^N 'oj' + y'' 
where -N^is the couple, 12 the initial angular velocity. 

The equations of motion are 

N 
Oa>g = A^; therefore Wg^T^^ 

and . -4o)j + ( <7- A) to^w^ = 0, 

therefore ©^cij + o),©, = 0, co^* + g)^* = ^', 

^, „ ^ .,«, A-G Nf A-G G<o' 
therefore tan '^ = — 5— . rr^ = — ^ — . -^ 

w, -4 2(7 A 2N 

A-G D?G < 



A ' 2N' <+ m* » 

hence the equation of the cone described by the instantaneous 
axis. 
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I 

6. Shew how to find the coordmates of the centre of 
pressure of a plane area immersed in homogeneous liquid. 

If a straight line be taken, in the plane of the area, 
parallel to the surface of the liquid and as far below the 
centre of inertia of the area as the surface of the liquid is 
above, the pole of this straight line with respect to the 
momental ellipse at the centre of inertia whose semi-axes 
are equal to the principal radii of gyration at that point 
will be the centre of pressure of the area. 

Taking the principal axes at the centre of inertia as 
coordinate axes, if the equation to the momental ellipse be 

f! + i(! - 1 then a» - />''^'^y A« _ ///<^% 

1( X cosa4-^ 8ina = » be the equation of the line in the 
surface of the liquid and [xy) the centre of pressure, 

-^Jfip — a? cosa - y sina) xdxdy _ a* 

H[p — a cosa — y sina) dxdy "" p ' 

^^Jf{p'-x cosa— y sma) ydxdy _^ V . 

jj[p — X cosa — y sina) dxdy "" p 

Therefore (5y) is the pole of a? cosa+y sina=— p with 
respect to the momental ellipse. 

Tii. Shew that a cloud of small particles or of fine dust, 
if only deep enough, however far the particles may be 
separated in comparison with their diameters, can give a 
bnghtness equal to half that of a slab of the same material 
similarly illuminated by a distant source of light. 

Hence shew that the brightness of a comet, and the 
visibility of a star through the head of a comet, are con- 
sistent with the comet's being a mere swarm of meteorites. 

Shew how to compare, approximately, the utmost bright- 
ness of a cloud nearly opposite to the sun, and consisting of 
small spheres of water, with the brightness of the sun's image 
in a pool. 

Suppose the cloud arranged in layers, parallel or not, 
each allowing 1 — e of the incident light to pass, and sending 
back ef of it. 
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Then Ut layer gets 1 sendg back ef^ 

2nd 1 - e (1 -e)Vi 

3rd {l^if (l-e)V, 

the factors (1 -e), (1 — e)''*, •..., being squared, because of the 
loss in coming out. 

Therefore, altogether there is sent back 

6/{l 4 (1 - ef\ (1 -- e)*+... ad inf. 

'*l-(l-^)» 2^e 2' 

when e is small. But, if e = l, no light gets through the 
first layer, which is then virtually a slab ; and it sends back 
/, double the light of the cloud. 

Comets (except occasionally their nuclei, which are, pro- 
bably, to a great extent self-luminous) are not nearly of 
half the brightness of planets equally distant from the sun. 

Through the cloud, above spoken of, the brightness of 
a star would be reduced from 1 to (1 — e)", where n is 
the number of layers. The individual particles of the comet 
are usually too far apart to eclipse more than a small fraction 
of the disc of a fixed star, even though the disc is invisible 
in our best telescopes. 

For the last rider using the same process, and taking 
account of the size of the images in the reflecting spheres ; 
if 2(0 be the angular diameter of the sun, and r the radius of a 
raindrop, the area of the image of the sun formed by reflection 
at the convex surface of .the raindrop will be ^ttt*^ sin'©, and 
therefore the ratio of the apparent size of the image of the 
sun to the apparent size of the raindrop will be \ sin^o). 

Therefore the cloud will give at most a brightness which 
will bear to the brightness of the image of the sun in 
a pool the ratio \ sin'a>, which is \ the ratio of the apparent 
area of the sun to the apparent area of the hemispherical 
celestial vault. 

The light reflected from the interior of the rain-drops, by 
which the rainbows are formed, is insensible nearly opposite 
the sun. 

N 



90 SENATE-HOUSE PBOBLEMS [Jan. 18, 

viii. If 0, if>, be the angles of incideDce and emergence 
of two parallel raya passing through a prism m a plane per- 
pendicular to the edge; d, <?, the distances between these 
rava ht>FnrQ iBcIdence and after emergence ; shew that 



ia any small change of 0, and Si^ the corresponding 

from this that the position of minimum deviation, 
most distinct vision through a thin prism. 

e the distance between the rays inside the prism, 

4^ sec6 = d secff', d^ Bec0 = Jsec0'; 

d, COS 5 COS0' dd> 



', position of minlmnm deviation d^ = d^, and there- 
divergence of the rays is unaltered by the prism, 
the condition fur the most distinct vision. 

•IscuBs separately, and without formnlte, the effects 
1 parallax and aberration on the apparent position 
d star as it would be seen from a comet of a year 
lOving in the ecliptic, in a path of great excentricity; 
I these with the corresponding effects as seen from 

I the curves representing, from each of these points 
the apparent annual path of a star, without proper 
lituateu near the pole of the ecliptic. 

effect of annual parallax is to make the star describe 
1 and parallel orbit turned through 180°, and the 
n of this on the celestial sphere will be the apparent 
he star due to annual parallax. 

sffect of aberration is to make the star describe the 
jh of the orbit, which is a circle parallel to the plane 
rbit, and the projection of this on the celestial sphere 
he apparent path of the star due to aberration. 
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If the star be near the pole of the ecliptic, the orbits due 
to annual parallax and aoerration will oe unprojected on 
the celestial sphere. 

The orbits seen from the comet will be an ellipse of great 
excentricity, and a circle passing Tery nearly through the 
mean position of the star (figs. 55, 56, 57) and the apparent 
annual path will be the resultant of these two orbits; seen 
from the earth the orbits will be approximately concentric 
circles. 



10. Explain the construction jof charts on the gnomonic, 
the stereographic and Mercator's projections. Examine what 
curve in each case will represent (a) » rhumb line, (^8) a great 
circle. 

Shew how to draw the trace in the two first projections 
of the great circle passing through any two given places. 

Prove that the equation of the trace on a Mercator's chart 
of a great circle will be always of the form 



2 sin f — |-a) = i(s5 — 8"J), 



where a is the radius of the sphere. 

The traces of (a) a rhumb-line are respectively a transcen- 

dental spiral of the form — = ec — e'c ^ an equiangular spiral 

and a straight line ; and the traces of (^) a great circle are 
respectively a straight line, a circle, and the transcendental 
curve of the third part of the question. 

To dr?iw the trace. of a great circle joining two given 
points in the gnomonic projection, draw the straight line 
joining the projections of the points; in the stereographic, 
draw the circle passing through the projections of the points 
and their antipodes. 

Let PJf be the great circle (fig. 58), OX, OF the equator 
and initial meridian which project into the coordinate axes 
in Mercator's projection, and let Z, X be the longitude and 
latitude of P, and a;, y its coordinates on the chart. 



92 SENATE-HOUSE PROBLEMS AND RIDERS, [/an. 18, 

Then -^ = — r-^, , and aj = aZ : 

therefore y = a /secXeZX. 

= a log(8ec\ -f tanX), 
since \ and y vanish together. 

Therefore ei = sec X + tan X, 

and e: - e~< s 2 tanX = 2 saiMB tanPMN 



2 UoiPMN Bm(^+ MoV 



which redaces to the g^ven form, putting 

1e = cot PMN^ a^'MO, 



\ 



V 



k 



( »3 ) 



Monday, Jan. 18, 1875. 1^ to 4. 



Mb. Cookshott. Arabic niunbers. 
■Hb. Fbebman. Boman numbers. 

1. Expand o* In powers of x. 
Shew that, if n is greater than 3, 

„ w(w — 1), ^.- w(n— l){n — 2(n — 3) , ^.g . „ 
"+ ]U2-<"-'^+ 1.2.3.4 ^(«-4)'+&c. 

= n*(n + 3)2"^. 

(3 
The series is % of the coefficient of aj" in {e'+ 1)" + (e"- 1)", 

that is, in f 2 + 0?+ .- + ...J + (^+72" "*■•••) ' 

If n > 3, oj' appears only in the first of these two terms, 
and its coe£Scient is — - — pr-^ , and therefore the required 

Li 

sum is w" (n + 3) 2"^. 

« 

2. Prove that there are' only five kinds of regular poly- 
hedrons. 

If one of each kind be inscribed in the same sphere, prove 
that their edges will be in the ratio of 

2 V(2) : 2 : V(6) : V(5) - 1 : V[f {5 - V(5)}]. " 

If m be the number of sides in each face of a regular 
polyhedron, n the number of plane angles in each solid angle, 
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a the length of an edgOj and D the cUameter of the cir- 
cumscribing sphere 



i) tetrahedron «i = S, « = 3, therefore -^ = ^(J), 



iv) dodecahedron j» = 5, « = 3, ^j = , ; 

Jj A V(^/ 

p) icosahedron m = 3, m = 5, -^ = . /] — rn f ' 
re the required ratios are 

. AM. AM-M-l. /i5iV(5)) 

= 2 V{2) : 2 : V{6) : V(5)- 1 : V[f {5-V(5)l]. 

rind the equation of the chord joining the points of 
of two tangents drawn to the parabola y = 4aa: from 
it (A, A). 

(aj, w) = (oa: + ^yf + 2^a: + 2^ + c = be the equation 
aboia, prove that the equation of its axis is 

direction-cosines of a diameter are proportional to a 
and of the polar of {^) to -?■ and -y~_. 

:iy) is on the axis these lines are at right angles, and 

■e 



1| — 4] AND RIDERS. 95 

iv. Find the length of the straight line drawn from the 

point (a, ^, 7) parallel to the straight line -- = ^ = - to meet 

the plane Ix + my + nz = 0. 
Prove that the four planes, 

my + nz=^Oj 7iz + lx = 0j & + 9wy = 0, Ix + my + nz =pj 

form a tetrahedron whose volume is 

2/ 
3lmn 

If the first three planes meet the coordinate planes of 
yzj zxj xy in BG^ CA^ AB respectively (fig. 59), and the 
fourth plane meet the coordinate planes in 5c, ca^ ah ; then 
BG passes through a and is parallel to Jc, GA passes through 
h and is parallel to m, and AB passes through c and is 
parallel to ai. 

Hence the triangle ahc is \ the triangle ABG, 

The volume of the tetrahedron 

8 

Oahc = iOa.Ob.Oc^if-. 

Therefore the volume of the tetrahedron 

OABG=^ 4 tetrahedron Oahc = * ,^ . 



5. Find the equations of the tangent plane and the 
normal at a point of the surface 

If the plane Ix + my + nz =p cut this surface in a parabola, 
prove that ?V + wi*i' = wV, and the coordinates of the vertex 
of the parabola satisfy the equation 
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The equations of the line conjugate to the plane 
lx + my + nz=p are 

la* mV* n(?^ 

and if the curve of section be a parabola, this line must be 
parallel to its conjugate plane, therefore 

If [oipi) be the coordinates of the vertex, the equations 
of the diameter are 





la' mV 




n<? ' 


and of the tangent line are 












= 1 

• 




Ix + my + 


nz- 


=^J, 


and these are 
Therefore 


at right angles. 










6. Shew how to determine the maximum and minimum 
values of a function of two or more variables connected by 
a given equation. 

A framework crossed or uncrossed Is formed of two 
unequal rods joined together at their ends by two equal 
rods ; prove that the distance between the middle points of 
either pair of rods is a maximum when the unequal rods 
are parallel and a minimum when the equal rods are parallel ; 
unless the two unequal rods are together less than the two 
equal rods, In which case the unequal rods are parallel In 
both the maximum and minimum positions. * 
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Let ACDB be the framework; AB^a^ AG^BD = h^ 
OD=^c^ L GAB ^0^ L DBA = ; and let x be the distance 
between the middle points of the unequal rods. 

a;»=?(sin5 + sin<^)«+?(cos5-co8rf»)» = i»Bin»^i^. 
4 4 , 2 

This is to be a maximum or minimum subject to the 
condition 

c*=za^^ 2ab (cos + cos ^) + 2 J" {1 + cos {0 + <f))}. 

Hence, 

2ah sin 5- 2&" sin {0 + ^) = 2ab sin <^ - 2S' sm (0 + ^)^ 

em0=rsm<f) and = ^] for 0i-(f> = m' would require the 
quadrilateral to be a parallellogram. 

K a>c, has its greatest numerical value when BDC 
is a straight line, and when A CD is a straight line. 

K a -h c> 25, and <^ can vanish, and it is possible for 
the equal rods to become parallel, the unequal rods being 
crossed. 

If a + c<2J, has its least numerical value when BCD 
is a straight line, and when ADC is a straight line, and it 
is impossible for the equal rods to become parallel. 

From the figures 60 and 61 we see that x^ is a maximum 
when the unequal rods are parallel ; and if a + c> 2i, ic* is 
a minimum, and zero when the equal rods are parallel ; but 
if a 4- c < 2 J, x^ is a minimum when the unequal rods are 
parallel and the equal rods crossed. 

K y be the distance between the middle points of the 
equal rods, 

y = a" — a&(cos5 + cos^)+ - {1 +cos(^-|- ^)} ; 

8,2 

therefore jr'- 3^= — b\ and y* is a maximum or mini- 

mum when x^ is a maximum or minimum. 

vii. Prove that there are two ways of generating the 
same hypocycloid by the trace of a point on a circle rolling 
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on a fixed circle which encloses it. And that in any position 
of the two rolling circles, which roll in opposite directions, 
a circle may be drawn concentric with the , fixed circle so as 
to touch both rolling circles at points such that the line 
joining them is the tangent to the hypocycloid. 

If any three of the tangents to a three-cusped hypocycloid 
form an equilateral triangle, prove that the angular points 
of the triangle will lie on a curve whose polar equation is 
r = a cos3^. 

Let AQ (fig. 62) be the hypocycloid traced out by the 
point Q on the rolling circle PQp. 

Produce PQ to meet the fixed circle in P', and let P'O 
meet -Qp in ©', where is the centre of the fixed circle. 

The circle on P'p* as diameter will pass through Q] and 
if Cj 0' be the centres of the circles PQp, P'Qp\ then, since 
the angles at P and P' are equal, CQC is a parallelogram 
and O'Q equal to OC. 

Hence the arcs PQ. P'Q. PP' are similar, and as the 
radii P(7, GOj PO. 

But PG-^-CO^PO; 

therefore arc PQ+ arc P'Q = s,rc PP\ and the arc PQ being 
equal to the arc P4, therefore the arc P'Q is equal to the 
arcP'A 

Thus, if the circle P'Qp' roll on the fixed circle, it will 
generate the same hypocycloid A Q, 

Also since Op = Op\ a circle whose centre is will touch 
the two rolling circles in p^ p\ points on the tangent at Q. 

[For further developments see Wolstenholme, Proceedings 
of the London Mathematical Society^ vol. IV., p. 321.] 

In the three-cusped hypocycloid, if 0C=2a, CP=a. and 
the angle POA = 6^ 

x = 2a cos 5 + a cos 2^, 

y = 2a sin ^ — a sin 2^, 

and the equation of the tangent is 

. e . S0 

a? sm - + y cos- =a sm -— ; 
2^2 2 ' 
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tbarefore the perpeodiQuIw on the taogeut being a sm — , 

three tangents fcNrmlng to equilateral triangle are equi- 
distant from the centre ; and if r^ i^ be the polar coordinates 
of an angular point of the equilateral triangle 

. TT IT IT S0 IT ^ , 

r"* 2""" 2-3^ 6 "2' T""?"^*' 

Z0 
and r = 2a sin — = 2a cos3<^, 

the required equation of the locus. 

viii. Integrate the differential equation 

in the case where P and Q are functions of a; only. 
Prove that the variables in the differential equation 

dx a? (« + y ) + a'* 

may be separated by the substitutionsj aj = M + v, y = hi-'V^ 
provided the constant h be suitably chosen, and integrate 
the equation. 

Making the substitution and reducing, the equation 
becomes 

If then Tec? = &*, the variables can be separated, and 

(1 + Jcf itdu _ dv 

therefore (1 +kYu' + a' + V= Cv% 

or (aj+y)»-fa« + 5»=G'(i'aj-a-y)«. 
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iV Prnirg tiiat in the expansion of 3 — r- In ascending 
DO odd powers except the first appear, and if 
be tbe coefficient of ^, 

«=(-ir 



'.g+*-^+*.^-^ *«•=•-"'«''• 



i«+.-Bbe-i~ 2 '[2 ■[£"••■' 
real parts 

otwe = 2f^^oot^^ 
= 2 (0 log mh^)' - 2 1 ' log sin^^ = ir log2 ; 
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Tuesday, Jan. 19, 1875. 9 to 12. 



Hr. Cockbhott. 

1. If Ay B he two fixed points and any plane be drawn 
through AB meeting a fixed plane conic m Q and B, prove 
that the locus of the point of intersection o( AQ and BB will 
be another fixed plane conic. 

The quadric cones with vertices A and B having as 
common plane section the given conic will intersect in 
another plane conic, on whidi AQ and BB will intersect, 
as also AB and BQ. 

2. Prove that, if a, /3, 7, 8 are all different, 

cos 2a cos 2)3 



. a-fi . a — 7 . a — 8 . B-a . S-ry . 5 — 8 

sm sm sm sm sm^ sm • 

2 2 2 2 2 2 

cos 27 cos 28 

. 7 — a . 7 — ^ . 7 — 8 . 8 — a . 8—^ . 8 — 7 
Bin^^— sm^sm-y- sm -^^ sm -^^ sm -^ 

^o.t^ « + ^ + 7 + 8 
s= o sm ^ . 

In the algebraical identity 

(a-5)(a-o)(a-eZ)"*'(J-o)(J-rf)(J-a) 

+ (c-.eZ) (c-a) (c-6) ■*■ ((?-a) ((?- J) (eZ-c) " ^' 
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putting a = cos a + 1 sin a, b =..., 

o - 6 = 2* sm — ^ f cos-— ^ + 1 sin —^ J , 
and the first term of the identity becomes 



% cos 3g + i sm 3a 

. a-^ . a-7 . a-8 ' 3a4-)8-f7+8 • . 3a-f-i8+7+8 
8 sm ^Y- sm — .' sm — cos ^ + 1 sm \^ ^ 

cos2a4-*sin2a 



8 sm— ^ sm -— sm — — eos — —~-^ + 1 wn — ^ ' ■ . 
therefore 



c os 2g , ^ . a + /S + 7 + 8 

.a — p. a — 7. a-8 2 

sm — ^-- sm — -~ sm —^r- 
2 2 2 

sin 2a , . a + ff + y-{-8 

A ^ +...5= -8 cos zr-^ 

^ a— p . a— 7 . a— 8 2 

sm -y- sm r^ B^n --^^ 



3. If ABGA'BG' be a I'egular hexagon, prove that three 
rectangular hyperbolas can be described, the first touching 
AB^ AG sX JB^ G and touching A'F^ A'G' at B^ G\ the 
second touching EC, BA at (7, -4, and B'C\ B'A' at C, -4', 
and the third touching (7^, CB at ^,5, and (7'-4', O'^' at 
A' J B ; and that any one of the three is the polar reciprocal 
of the second with respect to the third. 

Prove also that an infinite number of triangles can be 
described, each of which is self-conjugate to one hyperbola, 
whose sides touch the second, and whose lingular points lie 
on the third. 

Taking\4B0 ^xAlBG as the triwgle of reference, the 
equations of the three rectangular hyperbolas will be 

aj' + 2y« = 0...(l), y* + 2a?a = 0...(2), i8*H- 2a^ = 0...(3). 



• I 



I 

(J 



9—12] AKD BtDEES, 108 

if the line (?7/tn) touch (1), Z' + SmnsO; and if {xyz) be 

L Tfi ft 

its pole with respect to (2), - = — = -; therefore i8f"+ 2a^= 0. 

Let (?^w,nj), {ljn^n\ {Ijrajfi^ be the sides of a triangle 
inscribed in (1) ; therefore 

?,* + 27w,w, = 0, Z,'' + 29w,w^ = 0, Z,* + 2m3n, = 0, 

If possible, let the triangle be self-conjugate to (2) ; the 
conditions for this are \ 

»K,«t, + «,Z, + MjZ, = 0, 

and eliminating n^^ n,, n,, 



with two similar equations. 
But the three equations 

fiv (/x + v) = v\ (v + X) = X/A (X + ft) = 2 

are only equivalent to the two independent equations 
\ + fi + v = Oj X^v = 2; hence, there is an infinite number 
of triangles circumscribing (1), and self-conjugate to (2). 

Also, any such triangle is inscribed in (3) ; for the con- 
ditions for this are 

{l^m^ - ?8^a)" + 2 {m^n^ - m^n;j [n^l^ - 723?,) = 0, ..., 
and eliminating n^, tz,, n^, 

or 2 = {Im, + l,m;) -^, = (-» + i) -^ = . . 
which have already been obtained. 
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Hence there is a singly infinite series of triangle whose 
sides touch (1), which are self-conjugate to (2), and whose 
angular points lie on (3) ; and hy taking the hyperbolas in 
different order six sucji series of triangles can be formed. 



4, Prove that 



a y a J OL J ot, 1 

/S*, /S", ^, /3, 1 

7*, y, y, 7, 1 

S", 8', S», 8, 1 

e», 8», 8«, e, 1 



-3 



OL J OL y OL ^ ^}1 

/y, ^, i8», 13, 1 
7^ 7*j 7*) 7, 1 

• J Oj 0*j Sj 1 

8* &• 6a ^}-^ 



= i (a - /8) («-7) (a- 8) (a- e) (/3- 7) . . . {(a-/3)» + (a- 7)* &c.|, 

that is half the product of all the differences of any two x the 
sum of the squares of the differences of any two. 

Calling the determinants A and B^ 

^ = a«(/8-7)(/3-S)(/3-8)(7-S)(7-e)(S-6)+,.., 

5 = a^(^+7+8+s)(/3-7)(i8-S)(/3-e)(7-S)(7-s)(S-8)+...; 

therefore ^ + 5=(a + /3 + 7 + S + 8) {a'(^-7) (^-S) ...} 

= ((X + /8 + 7 + S + 8)'' (product of differences), 
and since B does not contain a®, ^8®, ... ; 
therefore B = [a^ + a7 -I- . . .) (product of the differences) ; 
therefore -4 = (a* +. . .+ a^S + . . .) (product of the differences) ; 
2A-ZB= (2a*+...- a/3-...) (product of the differences) 

= i(a-/3){«-7)..-{(«-/3r + (^-7r + ...}. 

5. Prove that all tangent planes to an anchor-ring which 
pass through the centre of the ring cut the surface in two 
circles. 

Also if a surface be generated by the revolution of any 
conic section about an axis in its own plane, prove that a 
double tangent plane cuts the surface in two come sections. 



9—12] AND EIDERS. 105 

The equation of the anchor ring in cylindrical coordinates 
r, 0j «, is 

{r-ay + z' = b\ 

which rationalized in rectangular coordinates x, ^, Zj becomes 

if the axis of the surface be taken as the axis of z^ and 
if b be the radius of the generating circle, a the distance 
of its centre from the axis. 

To find the section made by a tangent plane through the 
centre, change x into 

X cosa — z sina and z into x sina + z cosa, 

where sina = - , and then put = 0. 

. Therefore the equation of the section is 
(aj»+y« + a*-6y = 4a«(x»cos«a + y') 

or (a:" + 5^-a"-h&y = 4iy, 

the equation of two circles. 

If we ^ive the surface a homogeneous strain, so that x 
is changed into kx^ y into ky^ z into k'z^ the surface is 
deformed into the surface generated by the revolution of 
a conic section about an axis parallel to a principal axis 
of the conic section, and the double tangent plane cuts the 
new surface in two conic sections, intersecting at the points 
of contact. 

In the general case if a? sin'a-«* cos'a = be the equa- 
tion of the double tangent planes OT^ OT (fig. 64), the 
equation of the generating conic in the plane of xz will 
be of the form 

{ax + bz- c')* — d^ {pi? sin*a — «* cos" a) = 0, 

where (kc+&« — c* = is the equation of TT\ the chord of 
contact. 



^ 
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Therefore the equation in cylindrical coordinates of the 
ring generated by the revolution of the conic will be 

[ar '\-lz — cf - d^ (r* sin^a - «' cos" a) = 0, 
which rationalized in rectangular coordinates becomes 
[a'{x^ + y') + {hz--cy^d'{{x' + i,') sin«a- «« cos»a}J 
= 4a»(aj'H-y»)(fe-c»)«. 

To find the section made by the plane OT^ change x into 
X cos a, z into x sin a as before ; therefore the equation of the 
section is 

{aV cos' a + [bx sin a - c^ - (<?* sin'a - a*) yY 
= 4a" (a?" cos" a + y*) [bx sin a — c")". 
Solving this quadratic in y", 
/((?"8in"a-a")" = 

[a V{(^* sin"a- a^)a? cos"a+(Ja; sina— c")'| ±rf sina(Sa; sindt- c")]", 
or \y (rf* sin"a — a") ± rf sin a [bx sina - c")}" 

= a" {(eZ" sin"a — a") a?" cos*a + (Ja; sina — c")"}, 
the equation of two conies. 

6. If ^jBO is an acute-angled triangle and D the inter- 
section of the perpendiculars from the angles upon the 
opposite sides, shew that the four conic sections which can 
be described touching the sides of the triangles DBC^ DCA^ 
DBG^ ABC respectively, and having one of their foci at 
-4, B^ Cj D respectively, will have their transverse axes 
equal, their centres coincident, and the squares of their 
eccentricities equal to 

1 + 8 cos-4 sinB sinC, 1 + 8 cosJB sin G sin^, 

1 + 8 cosC sin-4 sinJS, 1-8 cos-4 cos-B cos(7, 

respectively. 

If JS^, jP, Q (fi^. 63) be the feet of the perpendiculars, the 
circle circumscribing the triangle EFG^ which is the nine- 
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pointlc circle of the triangle ABG^ will be the common 
auxiliary circle of the comes, which will therefore have a 
common centre and transverse axes equal to i2, the radias 
of the circumscribing circle of the triangle ABC, 

If P be the centre of the nine-pointic circle, the eccen- 
tricities of the conies will be 

2AP 2BP 2CP 2DP 
B ^ B ' B ' B ' 

The ^O^i) = ,5-5-5 + ^=^--B, 

and AD = 2B cosji^ 

therefore 4jDP»= 01>'^E'+ 4B» cos*^ - 45" cos^ co8((7-P) 

= 5" (1 - 8 cos-4 cosJ5 cos (7), 
44P» = 2 0^" + 2i)-4 V Oi>» 

= JB" (1 + 8 cosM + 8 cos-4 cos5 cosO) 
= JS'(1 + 8 cos A smB sin(7), 
similarly 4jBP» = £"(148 cosS sinO sin-4), 

4CP" = ^ (1 +8 cosG sin-4 sinP). 

7, Along the normal at a point P of an ellipsoid is 
measured PQ of a length inversely proportional to the 
perpendicular from the centre on the tangent plane at P, 
prove that the locus of Q is another ellipsoid, and that the 
envelope of all such ellipsoids is the " surface of centres," that 
is the locus of the centres of principal curvature. 

If (a?y*') be the coordinates of P, (ayz) of Qj (a/87) the 
direction cosines of the normal at P.j> the length of the 
perpendicular on the tangent plane at P, 

cosass-t-y-} cosps-^, cos7 = ^ ; 
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P 



a!=a;' 1+ -J, - = -tttij — j 



J^hy "^ (i' + A-)" ^ (c" + A^)' '■ 

ring the line of intersection of two flnch surfacea, 
lies on .two normals at consecutive points of the 
ad therefore the envelope is the locus of the points 
I intersectioa of the normalaj whidt is the aniface 

»tlie cnrre 

2 r sina^sin'^ ,. 



2 r-c 

i 



2 coaa;^ - cos (a? + 2] g ~ co8(a!- 
■ M «p = — 2" "»""p08itivo, 



= -^ if r ia negative. 
pe,if 2>a:>0, 

^ = J(_2x + 2-Fx + 2-:r) = l-|, 

re y = «- j , the curve OL (fig. 66). 

' J=4(-2a; + a) + 2 + a;-2) = 0, 

re y is constant = 1. 

;;in is a centre of the curve. 
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9. The value of a diamond being proportional to the 
square of its weight, prove that if a aiamond be broken 
into three pieces, the mean value of the three pieces together 
is ^ of the value of the whole diamond. 

If a be the value of the whole diamond| the mean 
value of the three pieces is 

10. Find the orbit described by a particle moving under 
the action of a central force fi {2 (a* + V) w* — 3a'JV}, if it 

be projected at a distance a with velocity — in a direction 

at right angles to the radius vector. 






+ w = 2(a +J')t<»-3a'JV, 



/if* ^^ 

Ji » V{(aV - 1) (1 - ftV)} ' 
i,V{(a*-»-')(r»-5')} 



s cos"* 



, o' + J' 
^ 2~ 

2 



r* = ^^4^ + ^^ co82^ = a* co8»^ + i» sm"^, 



the pedal of an ellipse. 
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11. If a river is flowing due north, prove that the 
pressure on the eastern bank at a depth z is increased by 
the change of latitude of the running water in the ratio 
gz + bvoD sin I : gz^ where b is the breadth of the stream, v 
its velocity, I the latitude, and cd the angular velocity of the 
earth about its axis. 

The time of describing Sx being — , and the change of 

velocity S (jSa> cosQ = — jSa> sinZSZ, the acceleration west- 
ward is 

Bvm sinZ -j- =^vfo sin?. 

(ZX 

Therefore the additional pressure on the eastern bank is 
pbvcD sinZ. 

12. If the moon is seen in the form of a bright semicircle 

with its diameter vertical at a place in latitude 45*", when 

the sun is in the summer solstice, and the obliquity of the 

ecliptic be considered to be 22J**, prove that the time of 

12 
night is 6 H — sin*^ {V(2) — 1} hours before or after midnight, 

1 

and the azimuth of the moon is cos"* j— r : the moon being 

supposed to move in the ecliptic. 

Let Pbe the pole, Zihe zenith, 8 the sun, Jf the moon. 

Then since SM=L8MZ=dO"] therefore SZ=dO% and 
the sun is on the horizon. 

If X be the latitude, « the obliquity of the ecliptic, then 

Pfif^aO**-©, PZ=90**-X; cos>8PZ=-tanc» tanX, and the 

12 
time of night is 6 + — sin"* (tano) tanX) hours before or after 

midnight. 

If a be the moon's azimuth measured from the south point, 
cosa = - cosPZaf = tanX cotZM: but ZM= L'Z8M= i P8N, 

therefore sinZSf = , and cosa= V(co8*a) — sin*o) tan*X)» 

cos© ' ^ ' 
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If X = 45", 6> = 22^", then tanX = 1, tan o) = V(2) - 1, and 
cosa = V(cos2c») = i-7^ . 

13. Two pieces of similar uniform rigid wire in the shape 
of a semicircle and its diameter are joined toe;ether at their 
ends by two pins, and the whole is set in rotation in its own 
plane, which is vertical, about an axis through one pin ; find 
the stress at the other pin, and shew that it attains its 
maximum and minimum values when the inclination of the 

diameter to the vertical istan'^-r-, and the semicircle meets 

4 

the vertical through the fixed axis, supposing the rotations 

about the axis are complete. If the rotations are not 

complete, when does the stress attain its maximum and 

minimum values? 

It m he the mass of the diameter, M of the semicircle, 
the inclination of the diameter to the vertical, and F the 
stress at the pin, the equations of motion are 

7n — . -j-j^ = — mga sm^ + i' .2a, 
M.2a^ -j^ ==--Mg( a sinO ^ cos5j--F.2a, 

and 971 = /t . 2a, Jf = fi.ira] eliminating --^ , 

F= ^^ (, .k«+4 ^e)-mJ^^ co.{<--.), 

where tana = i7r; therefore i'' is a maximum when ^ = a, a 

minimum when d = a + tt ; but if the angle swung through 

does not attain this value, the maximum value of F will be 

dF. 
at an instant of rest, because -^ is positive. 

14. A sphere moves on the concave side of a rough 
cylindrical surface of ^hich the transverse section perpen- 
dicular to the generating lines is a hypocycloid* 
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The sphere is roUmg initiallj with a velocity V along the 
generating line at which the curvatures of the sphere and 
cylinder are equal, and the sphere is acted upon during the 
motion solely oy a force tending to and equal to /li times 
the distance of its centre from the nearest point of the central 
axis of the cylinder. 

Prove that the "motion of the sphere will be comprised 
within a length 

of the cylinder and that the time between successive instants 
of the sphere reaching the original generating line on which 
it was prqjected is 

where h is the radius of the rolling circle which generates 
the hypocydoid by rolling on a circle of radius a. 

I£NOM=0j X0M^4> (fig. 66), then 

.aj=0-3f=(a — J) cos^-6 cosfT — 1)^, 

y=iMP^{a- b) sin^ + i sinU -Ij^, 

- cos6h-cos(t — 1 16 

/^ = cot5= V =cot(-^-lU; 

— sm0 + sm(^- 1 J 



a0 ^ 
a-2b'^ 



therefore ^ = (^-l)* ^nd XON=0^<I> = 

PX= Oi^sin (^ + ^) =a sin -^, ; 

« = 4-fa-&) sm 27r=4 -(a-6) sm ^. 

a ^ 26 a ^ ' a — 26 
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Therefore, if s^ilannOhe fhe intrinsic equation of the 
hypocydoid, then 

w= 7n.i a^d Z=4 -(a — J). 

Witfi the uraal notation (fig. «7), ^, = 0, ^, f - j^ , ^g = ; 

and the equations of motion of the sphere are, c being the 
radios of the sphere 

da, d0 re ,.. 

■^-'"«w= -r ••••(^^' ' 

'dm Fd ,«> 

-W —¥ ^^^' 

do) d0 /J.V 

% = ^ («)' 

§+«f- i^-;..ro (6). 

Since the point of the sphere which is in contact with 
the hjpocycloia is instantaneously at rest, 

w — ccD^ssO, v + ca>j = 0, w^O] 

also w=:(p-c) -^, where p is the radius of curvature of 

the hypocydoid. 

Therefore, by (2) and (4), 

du Fc^ c" (du ^^\ 

It^'^l^^^WKdi'^'''-^^)' 

fl+ -5) -^=s'-/x,PX= — ftasinn^. 

Q 
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If imtiallj d = a, then c = nl coanot, and 

u=(p — c) -J =ni(co8n^-co9na) -^ . 

mi . i. ^ 

1 + T I -T 1 (coan^ - coana] ;r [ = — /*<* fflnn^. 
Jig by 2 (coan^ — coana) -j- and iategratbg, 



«■; 



-co8«a) -^t =— (cob n5— coana)' J 

/rffl\' ^ t^ (a-2i)* 

\(ft/ *«"r?+^"'*'*4i(o-J)' 
) = !funnl?; therefore 

^=-n?amn5(^J=-?M|^^3jj, 

fore the point P on the hypocydoid oadllates bar* 
' mth a period 



?x/{l<-')}- 



1 eqoatioDii (1) and (5), 

~dt~°"'dt~ K ~lfdt' 

equation (3) -^ — -^ =0j therefore eliminating «, 
/, ^ (f\d'v , /dS\' 



9—12] AND BIDEBS. 115 

therefore t^ = F cos Xt^ and if x be the length of the cylinder 
transversed in the time ^, a? = — sin \t^ and the motion will be 
comprised within a length of the cylinder 



2V UV /(2h, jA 



15. If the velodty fanction denoting the motion of a 

homogeneous liquid be -^ , prove that the lines 

of flow are plane curves of the form r* = ±c" sin'^ cos^. If 

also the force function be -g-rt^ cos*^ + sin*^, prove that a 

sheet of fluid started from the origin will return to it without 
the use of a containing envelope. 

If ^ = f be the velocity function of a 

liquid, it must be a solid harmonic of degree —3, and 
Aa? + Bt^ •{• Bz* will be a solid harmonic of degree 2; there- 
fore ^ + 2^=0; this result can also be obtained by sub- 
stituting in the equation of continuity. 

Changing to polar coordinates, ^^ -;• (sin'd-2 cos'^), 

and the equation of a line of flow in a meridian plane is 

dr _ rdO ^ 

dr T dO 

therefore -•-73 =2 cot^-tan^, 

r au 

r^=Osin"^cos^. 

If Fbe the potential 

p 2 ' 
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-^ ^^A^h-m 



therefore the given pt)teiitial makes p constanf and equal 
to the surrounding pressure, and no containing envelope is 
required ; also the lines of flow passing through the origin^ 
the liquid started &om the origia will return to the originv 

16. ' A uniform elastic beam lies unstrained on a smooth 
horizontal table ; prove that if one end of the beam be moved 
in the direction of the length of the beam with uniform 
acceleration/} the length of the beam will oscillate between 

MH- ^j and Z, where Z is the unstretched length of the 

beam,, and V the unstretched length of a similar beam whose 
weight is the modulus of elasticity. 



If 8 be the distance at the time t of the section of the 
beam oriffinally at the di^tanee x from the end which is 
moved with acceleration /, and T be the tension, X the 
modulus of elasticity of the substance, and p the mass per 
unit of length of the beam, the equations of motion are 

fd^8 A dT T ds 



therefore 



u 8 J, ^ u 8 •/•tt A» 



df "^ dx^' p 

The solution of this equation is 

8'a^{x + at) + '^{x^at) + \ff. 
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(i) When <=sO, ^=0, ^ == 1 for values of x from to Z; 

therefore f{»)-'^'{») = Oj ^'(«}-f^'(«}»l for Talnea of b 
from to 2. 

(ii) When fl9esO| ^=0 for all Talnes of t; therefore 
^' W - '^' (- «) +'^ = for all poatiVe yalaea of z. 

(lii) When «=?, /T"^^ ^^^ all values of <; therefore 
<l> (Z+ «) + '^' (Z— «) = 1 for all positive values of z. 

Therefore <f)" {z) = '^" («) = for values of z from to Z, and 

f (4) + ^"(-«) + 4=0, ^ (Z+«)=:'^"(Z-«) 



for all positive values of z. 
Therefore 

and smce ^" (2? f «) =-^" (-«) = - ^" {e)-^^ 



a*' 



*__£_ " 



therefore {^" («)}^= - ^, {f («)}^ = 0, ... . 

The relative acceleration of the ends of the beam 

« a^f (Z + a<) + <if" [l - at) +/= 2aV" {? + a«) +/, 

and is therefore/from ^=0 to ^== -, —/from ^=5 - to *= — , 

3Z 5Z ^ ^ ^ 

/from * =s — to *= — , and so on. 

The length of the beam therefore oscillate between 

+ -4 and Z; and smce f^p^X; tiberefore <^ « 7^. 
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Tuesday, Jan. 19, 1876. IJ to 4. 

Mb. Fbbbman. Bomaa nimiben* 
Mb. Gf^BBisKHiLL, Ambic ntunbeni. 

1. Prove that the normals to an ellipse drawn through 
a given point meet the ellipse at its points of intersection 
with a rectangular hyperbola which passes through the centre 
and the given point. 

If the normals drawn to the ellipse -g + ^ = 1 from any 

point on the normal at A, k^ meet the ellipse in P, Q^ jB, 
prove that the sides of the triangle PQU will touch the 
parabola 



(xh yk \^ _4Jile^ 



The equation of the normal at [a^) is 

a'xY-b'yX=^{a'^b')xy (l), 

and if (XF) be considered constant and (asy) variable, this 
is the equation of a rectangular hyperbola passing through 
the centre of the ellipse, flirough (XY) and through the 
points where the normals drawn from [XY) meet the ellipse. 

K -+ -^ = 1 and — + -^ = 1 be the equations of two 

of the lines joining the four pomts at wtich the normals 
meet the ellipse, the equation 

can be made to coincide with (1). 

Therefore X=l, Zy+1 = 0, 7»w'+l=0; and therefore 
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the normals at the points where the ellipse is met by the 
straight lines 

a o at om 

meet in a point (Wolstenholme, MathemaHodl Prchlema^ 
p. 119). 

If the first pass through (JJc)^ then the equation of the 
second becomes 

a \ar tr J a ^ 
the envelope of which is 



(xh yh iV,4«A_/v 



which reduces to the given result. 

(It is not necessary for h^ k to lie on fhe ellipse). 

2. Find the relations between the coordinates of the ends 
of three conjugate diameters of an ellipsoid. 

Corresponmng points on an' ellipsoid of semi-axes a, h^ c 
and a sphere of radms r being defined by 

X _^x' y _ y' z ^z' 
a r ^ b r ^ c r ' 

then if OP and Op be corresponding radii of the ellipsoid 
and the sphere, Oq and Or any two radii of the sphere per- 
pendicular to OP^ prove that Op will be perpendicular to 
OQ and OJRj the radii of the ellipsoid corresponding to 
Oq and Or. 

Let 

(^,yA)) (a?ay2«.)j (^^ayA)) «yiV)> «yX)) «y.'0» 

be the coordinates of the points P, Q^ B, p, q^ r respectively. 

X X 

Then -^ =s -A- = ... ; and therefore x^x^ = x^x^^ .... 
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If Oq and Or are perpendicular to OP, then 

therefore »>,+y/y«+«iX=^> 

a^>8+yi'y8 + <«8=0, 

and therefore Op is perpendicular to OQ and OjS. 

(This is the geometrical interpretation of Hamilton's 
solution of the linear and vector equation when the function 
is self-conjugate). 

3. If />, = ^,(»,y,»)j P,= *,(«,y,«),P,f *.(«,»,«), 
anew bow to change the mdependent variables in partial dif- 
ferential coeffidents of any fanction from x, y. z, to p„ />„ p,. 

If p„ p,, p,, denote a Bystem of orthogonal surfaces, prove 
that 

daf dj^ da* 

- A IT, iA (h. ^^ J. J- ( K. ^\ A. I. fA. iZW 

-*»*«*• W, Ua dpj ^ dp, Ua '^p,/ '^p. Ua '^pJJ ' 

where V= (^y + (^•)* + ( Jf and A„ A. are similarly 

formed from p^ and p^. 

Deduce the transformation for the usual polar coordinates 
r, tf, 0, 

rf'F rf'F cZ^F 
die* jy rfa" 

1 f rf / , . >,rfF\ ^ rf / . .dF\ _^ rf / 1 dV\) 

The concentration of F due to the pair of faces perpen- 
dicular to ds, in the element of space ds.dsAs^ formed by the 
K)rthogonal surfaces, is f > « « 



f 



L- 
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Since ds "^ <h -^ /7, - ^^» 

since as,-- ds,^ 6^3--^ . 

If the axes of a:, y, z be taken perpendicular to the 

surfaces p„ p^, pg respeictiyely, theu ds^ s= rfa?, cfo^ = dy^ d\—dz^ 

and the same concentration of V due to the pair of faces 

d^V 
perpendicular to rfa; is — dxdydz -~-^ . 

Therefore ^'^-hhh -^ ( ^-^ ^^) 
iheretore ^^. - A^A ^ (^^^- ^ j , 

^'F rf»r rf*7 
"°^ dj-^djr'^'d^ 

being an invariant for rectangular a^e^;, by addition the 
required transformation is obtaimed. 

If d<T be the diagonal of the elementary parallelepiped 



ds^ds^ds^^ 






r 



With the usual polar coordinates 

da'^dr^-\rr^de^-\rf^y^^6d(f>^', 

therefore A, = 1, A, = - , A, = — r— ^ , whence the result. 



4. Prove that any system of forces can be reduced to 
a wrench, that is a force P aloQg a certain axis and a couple 
Pa about that axis. 

Prove that the wrench will not affect the equilibrium 
of a body moveable only about a screw of which the pitch 
for unit angle is J, if 

(a4 i) COS0 — £? sin5 = 0, 

where 6 is the angle, and d is the shortest distance between 
the axes of the screw and the wrench. 
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If we take any arbitrary origin, the system of forces can 
be reduced to a single force acting at this origin and a 
couple. 

Resolving the couple into two components, one parallel' 
and the other perpendicular to the force, the resultant of the 
force and the couple of which the plane is parallel to the 
force IS an equal and. parallel force, and the system is thus 
equivalent to a single force, and a couple in a plane per- 
pendicular to the force; such a force and couple constitute 
a wrench. 

If the body be turned through a small angle ^, the work 
done by the couple of the wrench is ^Pa cos^, and by 
the force of the wrench is ^Pb cos 6 and — ^Pd sin ; hence 
the whole work done is 

i8P{(a4-i)cos^~Jsin^}, 

and the condition of equilibrium requires that this should 
vanish. 

V. If X be eliminated between the equations 

x^-\- qx^-\- rx + $=^0 (a), 

t/ = \-]r fix-\- ^ .-...-(iS), 

prove that the coefficients of y^ and y in the resulting 
biquadratic for^ vanish when 

2\ = y, and r^j^ + (4^ - ^) ^^ - ^qryi, - r^ = 0. 

Apply this method to the solution of the equation 
xc* + 5a; — 6 = 0, and explain why the four equations (/8) 
corresponding to one value of fju give only one root of (a) 
for each solution of (^). 

If 5,, 5j, ... denote the sums of the powers of the roots 
of the given equation 

If cr,, 0*2, ... denote the sums of the powers of the roots 
of the transformed equation in y^ the coefficient of y^ will 
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vanish if cr^=^6^ which gives 2\='q] and the coefficient of 
y will then become — ^<r^. 

Now 0-3=2 {fix 4 (X + a;")]' = fi\ 4- 3//,*' (\5, + 5J 

4 3/* {\\ 4 2X^3 4 ^s) 4 4V 4 SX'^j, 4 SXs^ 4 5^, 

and therefore substituting the values of 5^, s^^ ... , the coeffi- 
cient^ of y in the transformed equation becomes 

Tfi^ 4 (45 — g") /*' — 2qrfM — r*. 

Applying the method to the given equatioft a;* 4 5a; — 6 = 0, 
in this equation \ = 0, and the cubic in fju becomes 

5f/ - 2 V - 25 = 0, 

which has one real root /Lt = 5, which makes the biquadratic 
in y become 

/ 4 68/ - 3564 = 0. 

The roots of this equation are ±6 and ±3 \/(—ll)j ^nd the 
corresponding four pairs of values of x are 

1, -6; -2, -3; i{l + V(-ll)}, - Hll+V(-ll)} ; 

Hi-V(-ii)}, -i{ii-V(-n)}; 

and the first of each pair is a root of (a). 

Each root of (a) gives one value of y ; two different roots 
of (a) could not in general give the same value of .y, without 
the other two also giving a value of y, equal and of opposite 
sign to the first y. 

Hence, in general, one root of (0) is a root of (a) ; but 
if the quadratic in y^ has equal roots, both roots of [j3) are 
roots of (a). 

vi. If a surface and a cone whose vertex is at the origin 
be referred to polar coordinates, the area of the cone between 
two of its generators and the curve in which it meets the 
surface is 



i/.{...-,n-.(|)]'... 
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Th«5 equations of a cylinder and cone are r sin 5 = a, and 
cot ^ = ^ (e^ - e~^). If A^^ A^, A^ are the areas of the cone- 
reckoned from ^ = to = yS — a, /S, )8 4- a, respectively ^ 

— *-^ — - = e 4- e . 



In the rider sin"^ f -^ j =1, and therefore the areaf 

. between proper limits. 
Therefore 



a" 



whence the result. 



7. Explain the production of the focal lines of a small 
pencil of light which is obliquely reflected af a spherical 
surface, and calculate their positions. 

If a pencil passing throtigh two focal lines is incident at an 
angle ^ on a small area of a reflecting surface of which r^, r^ 
are the principal radii of curvature,^ and the line of curvature 
corresponding to r^ lies in the plane of incidence, and if 
u^j Mg are the distances of the focal lines from the surface ; 

Erove that the reflected pencil will pass through two focal 
nes Ski distances v^, v^ from the surface, where 



1 


+ 


1 






2 




^1 


^i 




^ 


C03<^' 


1 




1 
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cos 


<^ 
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J)rovided that the focal lines at the distances w^, v^ from the 
surface be at right angles to the plane of incidence. 

Let Q^j Q^^ be the primary and secondary foci of the 
incident pencil, and first suppose the reflecting surface 
ABC plane (tig. 68). 

The reflected pencil will be the image of the incident 
pencil seen by reflexion in the plane ABG^ and if y,, q^ 
be the primary and secondary foci of the reflected pencil, 
then q^A =zAQ^^ w , q^A = AQ^^v . 

Now let the plane ABC be bent into a cylinder of 

radius r^, with generating lines perpendicular to the plane 

of incidence. The reflected rays m the primary plane q^AB 

will pass through the primary focus j^, and it may be proved, 

112 

as in the bookwork, that — 1 — = , ; the reflected 

' M V, r, cos^' 

rays in the secondary plane will be unaltered. 

Next let the plane ABC be bent into a cylinder 

of radius /• with generating lines parallel to the plane of 

incidence. The reflected rays in the primary plane will be 

unaltered, and the reflected rays jn the secondary plane q,^A G 

will pass through the secondary focus q^^ and it may be 

proved, as in the bookwork, that — -1 — = 



^ ^2 r^. 



The superposition of these two cases will produce the 
general result. 

viii. Find the position of the centre and focal centred 
of a lens whose refractive index, curvatures, and thicknesar 
are known. 

If through the focal centres planes be drawn at right 
angles to the axis of the lens, and if a straight line parallel 
and near to the axis meet these planes in the points p 
and q] any incident ray which passes through p and is 
inclined at a small angle to the axis, though it may not 
meet it, will after emergence pass through q. 

Let the centre of the lens be taken as the origin 0, and 
the axis of the lens the axis of z (fig. 69), meeting the lens in 
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A^ 'A\ and let C^ G' be the centres of the spherical sllrface^ 

AP, AT'. 

Let Ou4 = a, (7= c, OA' = a\ OG'=^c; then since the 

centre of the lens is a centre of similitude of the spherical 

r, a d 
surfaces, - = -7 * 
^ c c 

Let 8PPQ' be the course of a ray which passes near the 
axis, meeting the planes through (7, C perpendicular to the 
axis in Q^ -B, Q\ B' ] and let the equations of PP'^ the re- 
fracted ray within the lens, be 

x — h = ^{z — a)^ y — 7c = y{z'-a)] 

then to the second order, considering the deviations of the 
ray from the axis of the first order, the surface AP may 
be considered coincident with the tangent plane at -4, and 
the equations of the incident ray SP will be of the form 

a;— A = ^' (2 — a), y — k = y[z'-a)4 

8'mce BinGPQ = fi.sinCPR] therefore 

CQ _ sin cap _ 
CB^^sinaQP"^ 

to the second order ; and, therefore, putting ;2f = c, 

A + /3' (c-a) =)L6 {A + ^ (c- a)}, yfe + 7 (c- a) ==fJi{k + y{c-a)]^ 

or fi' = fi^+ f^^^^ A, 7 =iLe7-f ^^^-^^ k. 

Similarly, if the equations oi PP' be written 
x — h' = ^{z — a)^ y —k' = y{z — a)j 
and the equations of the emergent ray P' Q' 

aj-A' = /3"(«-a'), y-k' ^i' {z- a')] 

then /3" = /i^+^^A', 7" = /^7 + '^^ i^'. 

Putting « = in the equations of PP\ 

h" ^a^h' •" pa\ k — rya = k' — ya 
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If 7W, n be the focal centres of the lens, and if Om = Uj 
On = u\ then, since and m are conjugate to -4, 

1 1 ii II (it — l) ac 

+ = - + -^~- ^ or w = ^ '— : 

c— a a — u a c — a fic — a 



and similarly u = , ,— * 

fxc —a 

If the incident ray meet the focal plane through m in p^ 

then at J? 



X 



V c- a / ( fie- a J 



__ fic — fia 



[h - /3a). 



)L6C — a 

Similarly, if the emergent ray meet the focal plane 

through n in j, then at g', a;= , , [Ji -ySa') ; and there- 

fore the a;'s at p and q are equal; and in a siniilar way it 
may be proved that the ^s are equal, which proves the 
proposition. 

(Verdet (Euvres^ tom. ly. p. 894 ; on Gauss' Theory of 
Optical Instruments). 

IX. Establish the equation of vi^ viva for a system of 
bodies acting in any way on one another. What are the 
classes of mutual actions for which this equation does not 
hold in abstract dynamics ? 

An endless flexible and inextensible chain in which the 
mass for unit length is fi through one continuous half and fi 
through the other half is stretched over two equal perfectly 
rough uniform circular discs (radius a and mass M) which 
can turn freely about their centres at a distance b in the 
same vertical line. Prove that the time of an oscillation of 
the chain under the action of gravity is 



A 



/\\ 



^ , ;jf-f (•7ra + &)(/L6 + /) 



^{f^-f^')9 
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If the system be displaced from tlie position of stable 
equilibrium by turniug the puUies tbrough an angle 0, the 
equation of motion is 

-(™ + J)(„ + rtl5 + 2<;(/<-/)«-0, 
of harmonic motion, whence the time of oscit- 



the conditions of equilibrium of a fluid acted on 
ifces, and prove that the .resultant force at any 
irface of equal pressure is normal to the surface 
ly as the density at the point and the distance 
cutive surface of equal pressure, 
ity of homogeneous fluid which completely fills 
spherical shell (radius c) is under the action of 
m of forces that 

-^ ^ ^{x*-\-y' + zy-5{x* + y' + z') 

B pressure at the centre, which is the origin of 
Prove that the surfaces of equal pressure meet 
ttnes x±y±e = in circles; and that the average 
the surface of the shell is equal to the pressure 
e ; determine also the least possible pressure at 



ar±S + e = (I), 

It' + y + 2^ = 2 (^p'z' + s V + xY) 

rfaces of equal pressure meet the planes (1) in 

y 
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' The average value of a5*+y* + «* over the surface of the 
sphere is three times the average value of a;^, and 

[ajV/S= 47rc* j cos*^ sin 0d0 = |7rc*. 

Therefore the average value of 3 (05*+ y* + »')* — 5 (a?* + y* -f «*) 
is zero, and the average value ofp is tsr. 

The pressure is least at the points where the coordinate 

axes meet the sphere dud = j : therefore w can- 



c* 



not be less than 2 -j; p, 



s 
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Wednesday, Jan. 20, 1875. 9 to 12. 

Mr. Wright. 

1. If PF^ QQ hQ diameters of an ellipse, and Pfi, PR' 
be let fall perpendiculars on FQ^ FQ'^ prove that the chord 
of the ellipse intercepted on the straight line RE will subtend 
a right angle at P. 

Let Pfi, PR meet the conic in >8, 8' ; then if SQ, Q& 
Intersect in O^ROR will be the Pascal line of the hexagon 
Pfi^^'P'Q/S"P inscribed in the conic. 

Since PQP'Q is a parallelogram, the chords 8Q\ Q8' 
subtend a right angle at P, and therefore is a fixed point 
on the normal at P. 

Therefore the points where RR meets the conic will 
subtend a right angle at P. 



2. Prove that the determinants 

a & c 

z a h (y 

t/ a c 

X b c 

X y z 



= 0. 



Adding the last row to the first row, and adding the 
second, third, and fourth rows to the last row, the deter- 
minants become • 



9—12] 



AND EIDERS. 



131 



^1 y» 


«» 


a, 


J, 


c 


0, 0, 


«> 


a, 


i, 





0, y, 


0, 


a, 


0, 


c 


Xy 0, 


0, 


0, 


*, 


c 


2a;, 2y, 


2z, 


2a, 


2J, 


2c 



which vanish, because the first and last rows differ only 
by the factor 2. . 



3. If an ellipse U be described having the centre of a 
conic F for focus, and for axes the arithmetical and geo- 
metrical meana of the axes of F, then of the common 
tangents to U and F, one is such that its point of contact 
with F lies on the auxiliary circle of ?7, and the line drawn 
through this point of contact parallel to the major-axis of 
F passes through one end of the major-axis of U^ and the 
other three common tangents form a triangle whose angles 
are equidistant from the centre of F, and whose nine-pointic 
circle is the auxiliary circle of U. 

liACA\ BOB (fig. 70) be the axes of F, and LCL' the 
major-axis of Z7, G being a focus of Z7, then GL = GB^ 
GL' =^GA] and the auxiliary circle of U touches both the 
auxiliary circles of F. 

If LP be drawn parallel to GA to meet the auxiliary 
circle of 17 in P and GB in N^ then 

PN : NL^LG : GL^GA : GB, 

and therefore P lies on F. 

If the tangents to U at Z, L' meet CB, GA respectively 
in T, jP', then since 

GT.GN=GU^GB^ and GT.NP=GL"=GA'i 

therefore TT is the tangent at P to F. 

Since the angle TGT is a right angle, therefore TT' is a 
tangent to Z/also, which proves the first part of the question. 



132 SENATE-HOUSE PKOBLEMS [Jan. 20, 

If a circle be described with centre C and radius CA-\-CB^ 
it is well known that there is an infinite series of triangles 
inscribed in the circle and touching F, and an infinite series 
of triangles inscribed in the circle and touching U. 

Therefore the other three common tangents of U and V 
form a triangle which belongs to both series of triangles, and 
whose angular points are equidistant from C 

Since the feet of the perpendiculars from C on the sides 
of this triangle are the middle points of the sides, and also 
lie on the auxiliary circle of U\ therefore the auxiliary circle 
of UiB the nine-pointic circle of this triangle. 

4, If one of the lines of curvature on a developable 
surface lie on a sphere, all the other lines of curvature, other 
than the rectilineal ones, lie on concentric, spheres. If the 
common centre of these spheres lies on the surface, the 
surface must be a cone. 

The lines of curvature on a developable are the generators 
and curves which cut them at right angles. 

If PQRS...J FQ'R'8'... be lines of curvature, such that 
PP\ QQ... are generators, then PP* = QQ ^ ... . 

Now if PQR8.,. be on a sphere whose centre is 0, since 
any curve on a sphere is a line of curvature ; therefore the 
sphere and surface intersect at a constant angle. 

Therefore, since OP, PP' are equal to OQ^ QQ' respec- 
tively, and the angle OPP' is equal to the angle OQQ^ OP' 
is equal to OQ ] and therefore FQES'.,. is on a concentric 
sphere. 

If be on the surface, and if PF be the generator 
through it, since OP is equal to OQ, must be at the 
intersection of the generators through P and Q. 

Hence, all the generators pass through the point 0, and 
the surface must be a cone. 

6. If siax-.-g + ^-...+(-irgx, 
and co8x = l-^+^-...4(-ir|-£^X', 
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X , IT r X' 



prove that I — cfe = — = | 



dx. 

X 



By Maclaurin's theorem, iff{x) — sin a?, 

X=(-l)"/'"((?ir) = sinto, 

and / — aaj = I air = -- • 

similarly, if/ (a?) = cosa;, 

X' = (- 1)Y^-* (tfa?) = sin tfo:, and f ^' ^ | . 

6. At each point of a closed curve are formed the 
rectangular hyperbola and the parabola of closest contact; 
shew that the arc of the curve described by the centre 
of the hyperbola will exceed the arc of the oval by twice 
the arc of the curve described by the focus of the parabola ; 
provided that no parabola has five-pointic contact with the 
curve. 

If 0PQR8 be five consecutive points on the curve, and 
rectangular hyperbolas be drawn through OPQR^ PQBSj 
they will have a common circle of curvature, the limit of 
the circle P^ii. 

If (7, G' be the centres of the hyperbolas (fig. 71), and if 
CP^ C'P meet the common circle of curvature in c, c', then 
CP=Pcj C'P^Pc\ and therefore GC will be parallel to cc\ 
or the tangent at G to the locus of C will make with PG an 
angle equal to that which GP makes with the tangent at P 
to the oval. 

The same proof applies to the locus of 8^ the focus of the 
parabola of closest contact, since P8= \Pd\ (or to the pole of 
any curve, such as the equiangular spiral, and all the curves 
r* = a C08w5, in which the chord of curvature through the 
pole bears a constant ratio to the radius vector). 

Now if the ellipse of five-pointic contact be drawn at P 
(since no parabola is supposed to have five-pointic contact, 
the conic of five-poinfic contact must always be an ellipse, 
since it cannot for a closed oval always be a hyperbola), then 
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in the reasoning concerning elementary arcs, this eUipse may 
be supposed to replace the oval. 

Let C be the centre of this ellipse (fig. 72), H^ S the centre 
of the rectangular hyperbola and focus of the parabola of 
closest contact at P. 

Then PC will be a diameter of all three curves, and if 
P', H\ 8' be consecutive positions of P, J3, >8, CFH' will 
be a straight line, and, since HIT^ PF make equal angles 

with Pfl", It -ppT = ^ • 

Qjyt 
Now PBr= \ chord of curvature along P(7= -^p ; there- 

HH' _CH C^ 

lore It pp, ^p — 1 + Qp2 • 

If P8, P8' meet in 0, since PO, P'O are equally inclined 
with PC, P'Cto the tangents at P, P'; therefore 0, (7 will 
be foci of an eUipse touching the oval at P, P', or ultimately 
having four-pointic contact at P. 

m,. r 1 1 4 ^ OP 

Therefore -cp+ pq'^PS^^ CI)^^ 

T>n C^^ ^P.gP . <.p Oi>* 

oTT^^^ CP="«?> ^^' ^^=2CP- 
^^^" OP 
Therefore 



/g^V Qjg /gP CP-8P _8P_CD' 

PP''^ OP'' OP CP CP'~2GP 



2 ? 



TTTT' ^ ^ ' 

and therefore ?^ -pp, — 2lt p^, = 1 ; or the arc described by 

H= arc of the oval + 2 arc described by 8. 

7. A set of three conies pass through the three nodes 
of a trinodal quartic and touch the quartic; three points 
are determined by their remaining intersections; a second 
set of three points are similarly determined 5 prove that all 
six points lie on a second trinodal quartic having the same 
nodes as the first. 
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By triangular inversion the conies circumscribing the 
triangle formed by the nodes become straight lines touching 
the conic, which is the inverse of the quartic, and the 
proposition reduces to the well-known one, that if two 
triangles circumscribe the same conic their six vertices all 
lie on another conic. 

8. 8K^ SK' are perpendiculars from a focus on the 
asymptotes of an hyperbola, and P is a point moving so 
that KP.K'P is constant; prove that the tapgent to the 
locus of P at a point wherQ it meets the auxiliary circle of 
the hyperbola will be a tangent to the hyperbola also, and 
that the normal to the locus of P at this point will pass 
through 8. 

Forces P, F' along PK and PK' will have their resultant 
along, the normal at P, if P-T- + P'-p = 0, where r, / stand 

for Pg'and PK'- but if r'^ + r$^=0, then :?= — , or the 

• ' as as ^ r r ^ 

forces must be inversely as the distances. 

If the forces were as the distances the resultant would act 

along PQ ( beifig the middle point of KK') ; hence^ in the 

actual case, the resultant along the normal will make with 

PK an angle equal to OPK\ or if a circle be drawn about 

KPK\ the normal will pass through the intersection of the 

tangents at iT, fiT' ; that is, through 8 when this circle is the 

auxiliary circle of the hyperbola ; and the tangent being at 

right angles to 8P will touch the hyperbola. 

.9. A rough wire in the form of an equiangular spiral 
whose angle is cot"* (2/a) is placed with its plane vertical, and 
a heavy particle slides down it, coming to rest at its lowest 
point; prove that at the starting point the tangent makea 
with the horizon an angle 2 tan"* /a, and that the velocity 
is greatest when the angle <^ which the direction of motion 
makes with the horizon is given by the equation 

(2/A* — 1) sin + 3/A cos = 2/^. 
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Let the initial line 8A (fig. 73) piiss through the lowest 
point A^ then the equation of tibe curve is r = ae*f^ where 
8A=a. 

The equations of motion are 

mv ;?- = — ^ff siu V -I- fiMy 
7WV -7- = - mff cosa + Mi 

therefore ^ ;7~ "" /^^* 'J'^" 9 [^^^ — fi co&0)^ 

or |^(t;V*e) = «2(7e-«'^e(gin^_^C08^). 

Now if cota = 2/A, -^ = 06^*0 cosec a, 

and -^ (t?*6"''*^) = — 2ga coseca (sin O- /m coa^). 

Integrating from 5 = 0, 

^«g-«M0 = 2ga coseca (cos 5 — 1 + /a sin 5), 
and therefore the particle started where 

n 

1 — cos5 = fi sin 5, or tan - = M" 

Also v^=i2ga cosecae''*^(cos5- 1 + /a sin5) is a maximum 
when 

2/a(cos5 — 1 + /A sin5)-sin5 + /A cos5 = 0, 

or (2/4* — 1) sin 5 + 3/L& cos 5 = 2/4. 

10. If the horizontal distance of a projectile in a resisting 
medium from the point of projection be connected with the 
time by the equation a; =/(«), prove that the equation of 
the trajectory is ^ 

y = -gfifi f^^+9 j^j) dt + Af{t) + B, 
where A and B are constants. 



\ 
I 
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In the case when t^ax + ba?^ shew that the equation 
of the trajectory is 

y-xtSLna- g (JaV + iahx^ + 1 JV). 



The equations of motion are 

d^_ j.^ ^y _ ^ prfy. 
de "'-^ds' df """^"^Si' 

^, - dx d^y dy d^x dx 

Dividing by (j^) and integrating, 

dt f dt ^ . , dx j,f , . 

dt 
therefore f = -5/' W /y^ + 4/" (0, 

and y = -afW/y^ + i7//|+4/W + ^. 

If ^=- + i^-,|=a + 2J.,/'W = ^, 

= a-g {a^x + 2a5a;* + |JV), 

y = aj tana - .9 (|aV + Idbx^ + i^V), 

if the particle is projected from the origin at an angle a to 
the horizon. 

T 



IkL 
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r 

11. A plane elliptic mirror swings on its major-axis, 
prove that the locus of a bright point, so placed that the 
mirror may throw a rectangular hyperbolic patch of light 
on a wall perpendicular to the axis of the mirror, is the 
spheroid generated by the motion of the mirror. 

If P be the bright point and Q its image in the mirror, 
the quadric cone with vertex Q and passing through the 
elliptic boundary of the mirror will be cut by planes per- 

1)endicular to the major-axis of the ellipse in rectangular 
lyperbolas. 

Therefore the plane through Q perpendicular to the major- 
axis will cut the cone in two straight lines at right angles ; 
and if j&, F be the points in which this plane cuts the ellipse^ 
IIQF being a right angle, Q lies on a circle described on FF 
as diameter, the plane of which is perpendicular to the plane 
of the mirror. 

The locus of Q^ and consequently also of P, will therefore 
be the spheroid generated by the motion of the mirror. 

» 

12. A sphere, radius a, rests between two parallel thin 
perfectly rough rods A and B in the same horizontal plane 
at a distance apart equal to 2b ; the sphere is turned about 
A till its centre is very nearly vertically over A] it is then 
allowed to fall back ; prove that it will rock between A and 
£ if lOJ'* < 7a^^ and that 0^ the angle through which it will 
turn after the n^ impact is given by the equation 



a\S» 



a ^ « . V 7aV 

If C be the centre of the sphere at an instant of Impact, 
if ft)^_j, o)^ be the angular velocities of the sphere just before 
and just after the n^ impact respectively, and if Z.-4CB=2a, 
then 

(a* + A') 0)^ = >fc*ft)^.j + a"tt)„.^ cos 2a, 

and 8ina= -, J^^^a^i 



is' < 
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therefore — *- = 1 — 



Therefore 1 —^ must be positive in order that the 

sphere may rock. 

By the principle of energy, 

J (a' + ^*)s<»«' = gcb (cos ^^ - cos a), 

and if o) be the angular velocity of the sphere just before 
the first impact, 

I {a* + }^) (£?=ga (1 - cosa) ; 

^, J. (oj^ cos ^„ - cos a 

therefore -~ 



ai^ 1 — cos a 

or cos 0^ = cos a -f (1 — cos a) ^ > 



< 



G) 



and cos a 






13. A cylindrical bullet of mass M is fired from a rifle, 
length a + &, of which a length b is originally occupied by 
the powder; the rilling is at a uniform pitch, making an 
angle a with the axis of the barrel, and tans is the co- 
efficient of friction ; supposing that the powder is all ignited 
before the shot stirs from its seat, shew that, neglecting the 
resistance of the air in the barrel, the velocity of the shot 
as it leaves the barrel being denoted by F, 

M0 - 1) 1-f^ tana. tan (a + s) ' 

where p^ is the initial pressure behind the bullet, c the radius 
of the Dore, and 13 the ratio of the specific heats of the gas 
at a constant pressure and at a constant volume, assuming 
that for all pressures and temperatures the law pv^ =^jp^v/ 
holds. 
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Since the resultant action at every point of the rifling 
acting on the bullet makes an angle ^tt 4 a + e with the axis ; 
therefore if B be the resolved part of the action parallel to 
the axis, then J?ccot(a + s) will be the couple acting on 
the bullet due to the action of the rifling. 

If P be the impressed force due to the powder at the time 
f, X the distance traversed by the bullet, and the angle 
turned through, then the equations of motion of the bullet are 

-3f — -^ =Rc cot(a + e), 
and since a; = c cota.d; therefore 

JMtana ^ =jBcot(a + s), 

and eliminatmg J3, 

d^x 
i/{l + Jtanatan(a + s)} ^ =P. 

Therefore \MV^ {1 + ^ tan a tan (a -f s)} 

= 1 Pdx = 7rp^c^\ (l + f) dx 



= |^{j-j/^(a+J)-/'}. 



14. If in an infinite mass of homogeneous incompressible 
fluid in equilibrium under finite fluid pressure only an in- 
finitely long cylindrical column be suddenly annihilated, 
prove that no motion will take place. 

If V be the velocity of the liquid at the distance r from 
the axis of the cavity, and if x be the radius of the cavity at 
the time ^, then the equation of continuity is 

^ A* 
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and the equation of motion of the liquid is 

1 ^- ^^ 
p' dr dt 

__ dv dv 
dt dr 

^'t {<f>ty 

r r 

• » 

If CT be the finite fluid pressure, tsr will remain the 
pressure at infinity, and therefore 



=- fA-'v^^^> 



[^ dr . . . 
Since I — is infinite, ^t must be zero in order that 

m may be finite ; and since ^t is initially zero, therefore it 
is always zero, and no motion takes place. 

Considering the liquid between two parallel planes per- 
pendicular to the axis of the cavity, and at unit distance 
from each other ; if motion were possible, the kinetic energy 

would be I 27r/}rdr.^t;* = 7r/}(^^)* I — , which is infinite; 

and the work done would be the product of w into the 
diminution of volume at infinity, that is, the product of -ar 
into the diminution of area of the cavity, which is finite. 

The kinetic energy and the work done cannot therefore 
be equal, and therefore no motion takes place. 
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Light falls normally throagh a veiy small hole on ft 
doubly refracting ciyatal of which the parallel facea 
llel to one of the circular 'BectioDS of tbe surface of 
'; shew that if ^ be the thickness of the plate, and 
-axes of the surface of elasticity be proportional to ' 
, respectively, the area of the transverse section of 
rgent cylinder of rays will he 

?(V-l)(l-X")^. 

a, &, c be the optical constants of the crystal, 
he ratio of the velocities of light along tbe axes of 
:al to the velocity of light in a vacuum. 
he the point of incidence of the light {fig. 74) 
the sec^on of the wave surface made by the plane 
the axes Ox and Oz of greatest and least elasticity 
rystal, DE the section of the equivalent sphere in 
osed of radius unity. 

coefficients of restitution perpendicular to the axis 
g as J' and c', therefore the ray-velocities along 
IS h and c, and therefore OB=b, OG=c; similarly 
OB'=^ij and AC is 3i,d ellipse, BB" a circle. 
} be the common tangent of the ellipse AC and the 
?, then OQ is perpendicular to a circular section of 
loid of elasticity 

angent plane to the wave surface through PQ will 

B surface In a circle, and if the crystal be cut per- 

irly to OQ, then the light incident normally at 

a inside the crystal a cone and will emerge in a 

il beam, the transverse section of which B8 will 

ie. 

! be tbe coordinates of P, and if tbe angle POQ be 

jy a, then cosa= -rrp, and 



9—12] AND RIDERS. 143 

therefore J (^ - i^) = i, - i,, 

?! /"l « 1^ - i _ 1 



JL_ 1 



OP* 
tan* a = —t« — 1 



=(-'-y-'')=(v-i)(i-x'-), 

and the area of the circle B8 

= \'irf tan* a 

= i,r(X''-l)(l-X'«)<». 



1 



1 
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Wednesday, Jan. 20, 1875. li to 4. 

Fkof. Tait. Roman nnnibera. 
Mb, Fbekuait. Arabic numben. 

w how to obtain a first integral of the differential 

Br + Ss+Tt+U(a^-rt}=V, 
ia a first integral of the form ^(m, w) =0, where 
'", V, M, V, are functions of x, y, z, », q. 
the complete integral of the equation 
--2p2za+3(l+/)f-3'(s*-rt) + l-fy' + 2* = 0. 

DifferenUal Equations, Supplementary Volume, 
141). 

ring the proposed equation with the standard form, 
!1), p. 133 becomes 

m' — 2mpqz + p^g's* = 0, 
f which are each equal to jmz. 

case it is possible to find three integrals of the 
differential equations of p. 139, which become 

dz—pdx — qdy = ■. (l), 

dq + ^dx + ^^dy^O; 

Bt two, by reason of (1), reduce to 

dx + zdp+pdz==0 (2), 

dy-\zdq-\-qdz = (i (3). 
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The integrals of (2) and (3) are 

and substituting for dx and dy from (2) and (3) in (1) 

the integral of which is 

Eliminating^ and q from the three integrals, we have 

which represents a sphere. 

Now a = ^(c), 6 = '^(c), -F(a, J) = 0, 

are all first integrals of the given equation, and the complete 
integral is found by eliminating c between the equations 

{a:-<^(c)r+{y-^(c)r4;2^--c« = O=/(a;,y,0,c) 

and / = 0. 

ac 

* The complete integral is therefore the equation of a 
tubular surface, the central line of which is in the plane 
of a;;y. 

A first integral of the equation Is 

2. State the criterion for the selection of the com- 
bination weights of n independent measures of, a magnitude. 
Determine the probable error of the result in terms of the 
probable errors of the n measures. 

In the observation of the zenith distances of stars for the 
amplitude of a meridian divided into four sections by three 
stations intermediate between the extreme stations, a stars 
are observed at the first, second, third stations only ; h stars 
at the second, third, fourth only ; c stars at the third, fourth, 

u 
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fifth only ; and the probable error of every observation of a 
star is e. Shew that there are only three independent modes 
of measuring the whole arc, and obtain equations for de- 
termining the combination weights of the three measures. 
In the case when a = b = Cy prove that the square of the 

lOe* 
probable error of the result Is -— — . 

(Airy, Errors of Observations^ § 64—70, and for the rider 
80-82). 

Consider the scheme 







Stations. 




1 


2 


3 

A 


4 


5 


Number of 
stars observed 


a 


A 


A 






b 


— 


B. 


B, 


B. 




c 


0. 


G, 


Gs 






Means of actual errors. 



The mean actual errors of possible measures of the whole 
arc are represented by 

(A-A) + (5.-5.) + ((7.-(7J (1), 

(A-A) + (5,-A) + (^.-^J (2), 

{4.,-A) + (5.-BJ + (C«-Cr)..... (3), 

which represent three independent, though entangled measures 
of the arc. 

Any other measure can be expressed in terms of (1),. (2)^ 
and (3), for instance 

K-A) + (C',-0.) = (l)-(2) + (3).. 
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lia = h = c, tben the equations become 
fia; + 4y + z= Ca, 

4a:+6y + 4z= Ca, 

. a z 

tore, - = — « = - . 

/ p.e.fif result '.* 

3',+ ] + 2" + 1+ 4 1 + 2' 4 1 + 3' 10 _ 

3'a ~ 3a ' 

, . , ,, lOe" 

(p.e. 01 result) =-^ . 

riu the equations of motion of a frictionless liqu!<l, 
that of the bounding surface; and point out 
what is to be understood bj the velocity at any 

hat no differentially irrotatlonal motion (i,e. motion 
velocity-potential) can take place in an unmoved 
>Iy-connected closed vessel completely filled with 
lid. 

IB the components of the velocity of the fluid at 
point {a;, y^ z) be given as functions of the time t, 
z and ( are independent variables ; and the velocity 
rection will be measured by the volume of flow 
if time and per unit of area across a small plane 
d at the point perpendicular to the given direction, 
the velocity j be uniform and make an angle 
.xis of a; and we take a fixed plane area A (fig. 75) 
liar to the axis of x and consider the fluid which 
is area in the time t, this fluid will fill a cylinder 
with generating lines parallel to the velocity and 

jlume of this cylinder is Aqt coa^, and hence the 
9 A per unit of time and per unit of area is q cosfl. 
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If the velocity is not uniform, the proposition is still 
diflFerentially true at every point. 

If F{xj y, z^t) = be the equation of a surface which 
always contains the same particles of fluid, then in the 
infinitesimal time dt^ cc, y, z become respectively x + Wi, 
y -f vdt^ z + wdt ; and, therefore, 

F{x-\''adt^ y-\-vdt^ z-\-wdt^ f + eft) = 0; 

^ . dF dF dF dF ^ 

therefore u -^— + v ^- + «?-7- + -j- =0, 

ax dy dz at ' 

the differential equation of a surface which always contains 
the same particles of fluid. 

Two consecutive surfaces will by the principle of con- 
tinuity remain consecutive throughout the motion and cannot 
penetrate each other except for discontinuous values of F. 

Hence, in general, particles once in the bounding surface 
will always remain in the bounding surface, and \i F[x^y^z^t)=^0 
be the equation of the bounding surface at the time i, 

dF dF dF dF ^ 

dx dy dz dt 

9 

If M, V, w be finite and continuous and the differential 
coefiicients of a function 0, and the surfaces for which <f) is 
a constant be drawn, then the vessel being acyclic, these 
surfaces are either closed surfaces or bounded entirely by 
the surface of the vessel. 

A closed line within the region cutting any one of the 
surfaces must therefore cut the same surface in the opposite 
direction at some other point of its path; and therefore 
the integral of udx + vdy -f wdz round a closed line must be 
zero ; hence 4> must be a single valued function. 

If d8 denote an element of the surface of the vessel, dn an 
element of the inwar^ drawn normal, then by Green's theorem 

and the first term on the right-hand side vanishes because 
-J- is zero over the surface, and the second in consequence 
of the equation of continuity. 
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Therefore q must be zero, and no motion can take place 
In the interior. 

If q became discontinuous or infinite we might have a 
vortex line in the interior of the vessel, or if the vessel were 
cyclic and <f> many valued, we should have circulations of 
the liquid in the circuits of the vessel. 



iv. Pressure is applied, according to an assigned law, to 
every point of a plane surface bounding an otherwise infinite 
isotropic solid. Find the resultant displacement at any point 
in the interior of the solid. 

Work out the' particular case in which the plane face is 
that of yzj and the pressure is perpendicular to it and pro* 

portional to sm 



a 



(Thomson and Tait, Natural Philosophy^ §§ 693 to 739). 

Measuring the axis of x perpendicularly to the plane face 
into the interior of the solid and supposing the arbitrary 
pressure on the plane face a function of y only, then the 
stresses and strains are functions of x and y only, and the 
general equations of internal equilibrium reduce to 



dx dy 
dx dy 



,(1). 



;and if a, /S be the displacements of a point originally at x^y 

.d^\ 

— /I) -7- 

dy 



P=[m^n)^-\'[m-n) 



^ f . doL , V d^ 



dy 






Tj^ (^ ^^ 

\dx dy) 



.(2), 



where m = A + Jw, Z: being the elasticity of volume, and n the 
^elasticity of figure of the substance. 
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(3), 



Equations (1) become 

^^ * ^« 
ax 

dy 

, ^ da dS 

where 8 = -— + -f- 

aa: ay 

is the- superficial dilatation, and 

. d" d" 
dx^ dy^ * 

At the surface the stress being always normal^ the stress- 
ellipse must be a circle ; and, therefore, when a? = we must 
have P= Q and TJ- 0. 

If P=pf(y) represent the distribution of traction and 

P V 
pressure on the plane face, then S = — = —f[y) when aj = Oy 

and from equations (3) ^^^8 = 0; S must also vanish whea 
Therefore by Fourier's theorem 



00 /lOO 



=^ f f 



e'^^f^u) cosu [v — y) dudvy 



and thea since A*a = =- , ^^8 = r- , a and /3 are* 

n dx^ n dy 

the potentials due to densities -^ r- and -: — -7- in the- 

47r« aa; 47rn ojr 

iaterior of the solid. 

In the particular case where f(y) = sin — ^ , we musir 
assume 

P=(^(a;)sin^: 

<?='^(«)8iH?^^, J7=xWcos^, 

tv C& 
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and then from equations (1) 

and, therefore, X H = ^ ^' {^)> 



2ir 



47r' 



and 8 = i{^(-)-^*"(-)}-?- 



o* 



Putting ■ «^ (a:) - ^ ^" (x) = w (a:), 

then since A^S = 0, therefore 



%y" (a;) - =^ w (») = 0. 
^ ' a 



ifjrx 



Therefore 'Gr[x) = Ae' « , 

47r* , > 47r ^ 2;^ 
or 0" (x) - -,- <l> [x] = -5-^e <• , 

the solution of which is 

ff>{x)=^Be"^ — Axe' « . 

_ 2-nx 25* TT - _27raB 

Therefore xH=--S«" «-M^ * "*" a ^^ " ' 
and -^ (a:) = - jBe""^ - w4e « +--4a:e « . 

Now when a; = 0, P= Q =p sin ^ and ?7= ; therefore 

^ (0) = t (0) =i^, x(0)=0; 
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and therefore -4 + 25 = 0, B=p; 

--, 2'jrx ^a^ 27ry 

U= - p — e « cos — - , 



^ /, 27ra?\ .a*^* . 27r7 

and « = 2L(^+«) . 

» jH^ . 27n/ 
= ^ e a sm — - . 
m a 

Since ~ = ^^^ + ^-g 

<& 4m 4n ' 

dy 4:171 4/1 ' 

, ^ da ./ 1 27rx\ _2^x . 27rv 

therefore -r- = i Jt> — I ^ "«" sin — - , 

cLz ^ \m na J a 

dj3 1 /I 27ra3\ .sz:? . 27ry 

^~ = ^ ;> ]^ » sm — ^ 4 

ay ^ \m wa / a ' 

1 .1 i- «;^ fl 1 /27ra? A) .^ . 27rv 

and therefore a = --^i — h-( h 1 U- « « sm — ^^ , 

4:'7r [m n \ a J) a 

/3 = - -^ \e « cos-^. 

4-77 \m na j a 



5. Prove that in any substance the ratio of the specific 
heat at constant pressure to the specific heat at constant 
volume is equal to the ratio of the elasticity when no heat 
escapes to the elasticity at constant temperature. 

Hence shew that 



(±\ y,(^\ =f^^ y,(^\ 

\dv) (<p const.) \dt) {v const ) \dv) (^gonst.) \dt) 



{p const.) 
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■where p, v, t are the pressure, volume and absolute temperature 
of the substance, ana ftdif* is the dynamical equivalent of the 
heat it has received from external sources during a series 

of operations. 

i in Maxwell's Theory of Beat, chap, ix., that 



K 




AN 
^■AL 


E, 










a; 


AM 


yd*" 


X 




■AN 


AK 





to the diagram (fig. 76), we see that if 

*)-*i=l and i;-2; = l, 
, K and L being on a line of equal pressure ; 

, M and K being on an isothermal ; 

, M and A' being on a line of equal volume ; 

, A' and L being on an adiabatic; 
suit. 

F plane polarised light are incident normally on 
ixal crystal ; prove that the emergent rays are 
ptically polarised, and find in what cases they 
ilarly polarised. 

ticaily polarised light be received normally on 
e of uniaxal crystal (which could circularly 
polarised ' light) in such a manner that the 
t from the second plate is plane polarised, prove 

k k 

}a = tanjS 8in27r — - tan7 cos2ir - , 

be angle from the principal plane of the first 
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plate to the plane of polarisation of the incident light, /3 
IS the angle from the principal plane of the second plate 
to the plane of polarisation of the finally emergent light, 
7 is the angle from the principal plane of the first to that of 
the second plate, and k is the equivalent in air to the relative 
retardation of the ordinary and extraordinary rays caused by 
the first plate. The principal plane of each plate contains 
its optic axis and is normal to its parallel surfaces. 

{(Euvres de Verdet^ Tome VI., p. 60.) 

The plane of the figure being perpendicular to the ray, 
let C be the point of incidence, Cx the principal plane of" 
the plate, CP the plane of polarisation of the incident ray. 

Inside the crystal the light is divided into the ordinary 
and extraordinary rays, the planes of polarisation of which 
are Cx and the plane Ct/ perpendicular to Cx. 

The incidence being normal, the reflexions at the faces 
of the plate diminish in the same ratio the amplitudes of 
vibration of the ordinary" and extraordinary rays ; the ampli- 
tudes may, therefore, be represented by a sin a, a cos a. 

If Oj E be the equivalent lengths in air of the plate for 

the ordinary and extraordinary rays, then — E=h^ and the 

I" 
difierence of phase of the rays at emergence is ~ . 

At 

The displacement of the ether at emergence may therefore 
be represented by 



X 



= a sin a sm 27r [ -^j + - J , y = a cos a sm 27r -^; 



Su xu k 'u Jc 

therefore -^-r, 2 i — ^ cos27r - + -~- =a''sin'27rr- , 

sm a sm a cos a X cos a X ' 

which proves that the emergent ray is, in general, elliptically 
polarised. 
' If "however tan a = 1 and ft.= (2w + 1) W then 

ic* + y' = K5 

and the emergent ray is circularly polarised. 

If the ray be received on a second plate in which h = J\, 
and of which the principal plane is Cx\ then the component 
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vibrations at emergence parallel and perpendicular to Cx' 
may be represented by 



■ ^ ft & ,\ 
a cos 7 81Q 27r I -^ + r "•■ i 1 



'(^^i). 



. ^ f t h\ ■ ^ t 

ma amy 8m27rl-7n+ —I +a ooaa cosy &m2Tr-=. 

emergent ray be polarised in a plane making a 
with Cx', tben —, = tan ^ 



\a tany co82'ir— 1 8m2Tr -™— tana tany 8in2T — coa2ir „, 
I which must be independent of t, and therefore 
til— tan a tan 7 cos 2Tr - ) + tan a sin Sw r- = 0, 



, and add; tan a tan y3 tan y is eliminated, and the 
condition is obtained. 



i^splain briefly the nature of the analytic and bjd- 
jcesses by which Helmholtz shewed that the qoality 
lical sound depends upon the number and intensity 
larmonics which accompany it, and which are, in ~ 
objectively present. 
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Shew that two pure sounds, represented by increments 
of pressure in the external ear proportional to sinw?^ and 
Bm{nt + a) respectively, provided that they are of sufficient 
intensity to require us to take account of the square of the 
consequent disturbance of the membrane of the tympanum, 
give rise in the internal ear to the following new pure sounds 

sin {(?n + w) ^ + a} and sin{(m — w) < — a}, 

in addition to their own first harmonics. Which of these 
new sounds is the louder, and what conditions are most 
favorable to its being heard distinctly ? 

Under what circumstances are such sounds produced 
objectively? 

Musical sounds are distinguished (i).by their pitch, (ii) 
by their intensity or loudness, (iii) by their quality. 

The pitch is determined by the number of vibrations in 
a second, the intensity by the amplitude of vibration, so that 
the quality can depend only on the form of the vibrations. 

Fourier's theorem proves that any vibration can be re- 
solved into a series of simple harmonic vibrations, having 
vibrational numbers which are once, twice, thrice, four times, 
&c. as great as the vibrational number of the given motion ; 
and Helmhol? has proved experimentally that these harmonic 
vibrations are objectively present in the air, and that the 
ear performs the resolution that Fourier's theorem shews is 
mathematically possible. 

Analytically, the number and intensity of the harmonics 
can be found experimentally by the use of resonators applied 
to the ear, which reinforce the harmonic corresponding to 
the fundamental note of the resonator. The harmonics are 

E roved to be objectively present by the fact that light mem- 
ranes, &c. tuned to the harmonics are set in sympathetic 
vibration when the fundamental note is sounded. 

Synthetically, the quality of any musical sound can be 
produced by a series of tuning forks, tuned to the funda- 
mental note and its harmonics, and provided with resonance 
chambers, which are capable of producing variations of 
' intensity "and differences of phase in the harmonics. 
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The tuning forks being kept in vibration by electric 
currents, it is found that any musical sound can be repro- 
duced by the combination of the prime tone with the upper 
harmonics in different intensities; and it is found also that 
the quality is independent of the phases of the harmonics. 

The differential equation of the motion of the membrane 
of the tympanum may be written 

cTx 

-^ J, + p^x = ax^ +/ sin mt-\-g sin [nt + a). 

For the first approximation, neglecting ax^^ 

^f^\x\mt g sin [nt + a) 
p —m p —n 

the complementary function, which represents the proper tone 
of the membrane, being neglected because it rapidly dies away. 
Substituting this value of x in ax*, we have for a second 
approximation to the value of x the differential equation 

d^x , f / sin mt a sin {iit + a)] * 

-^ ,—i n [cos \{m -V n) t ^^ a\ - cos [[m -n)t- a}]. 



Hence, in'additiou to the first harmonics produced by the 
^ terms involving cos27n* and cos 2 (w* + a), we shall have com- 
binational tones represented by 

cos {(m + w) ^ -f a} and cos {(w - w) ^ - a}, 
of amplitudes 

^^ and "^ 

respectively. 

The intensity of the differential tone is the greatest. It 
will be most easily heard if the generating sounds are less 
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than an octave apart, because in that case the differential 
combinational tone is deeper than the generating sounds. 

In general, a combinational tone is not reinforced by the 
pfoper resonator applied to the ear, shewing tliat the tone 
IS produced in the ear itself. If, however, the generating 
sound is of sufficient intensity for the square of the displace- 
ment to be taken into account, the combinational tones will 
be produced objectively and will be reinforced by a resonator. 



vlii. Integrate the simultaneous equations : 



dw 



i '\'ax-\' hy cos nt + Iz sin nt = 0, 

dec 
aw~ -j — hy sin nt + hz cos nt = 0, 



dt 



dy 



hw cos nt + hx sin nt — j^ — az 

dt 

, . , , dz 

ow sin nt — ox cos nt-{^ ay— -j- 



= 0, 



= 0. 



Eliminating x^ y^ z 



d_ 
dt' 



a, 



b cos ntj h sin nt 



Lb 

— r , —h sinnt. b cos nt 
dt' ' 



h cos ntj h sin wf, — j; j "" ^ 



dt 



I 



h sin ntj — b cos nt^ a, 



d 

dt 



which expanded becomes 



dt 



dt' 



10 = 0, 



+ {(a' + 67 + (o' + h') («' - 2na) - JV| w = 0, 
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and there will result the same differential equation for 
aj, y, and z. 

The auxiliary equation is 

^i*+{2(a' + i*J + w'-2na}w'' + (a'' + J''-72a)' = 0, 

. or (w' -I- a" 4 J** - wa)' 4 w V = 0. 

Hence w is of the form fi V(- 1 jj where 

jub^ + fin — (a* 4 6' — na) = 0. 

If ± A^i, ± fi^ are the roots of this equation, 

/*,4/t, = w, 

and the solutions of the differential equations consist of the 
sum of the products of cos/Aj^, sin fi^t^ cos/i^^, sin fijt by 
arbitrary constants. 

If we take w = H cos /t^^, we must take 

x = n^ sin fx^t^ y = H^ sin ^J;^ ^ = -H3 cos [x^t^ 

and substituting in the differential equations we must have 

If = H, H= ^H^ and - (/i,-a) 5^-55;= 0, &J7-(/i,- a)fl;= 0. 

Therefore -^« = 2J^ = -^i-, 

which satisfies the auxiliary equation, since 

/Ai4/A^ = w, /j.^fi^ = na-a^''b\ 
Similarly, if we take t^? = / sin fi^t^ we must take 
a; = -. / cos fJL^ty y = ij cos /tjjf , 5J = Z^ sin /Lt^^, 

and C/Zj-a)/4 5/a = 0, - J/4(Ata-a)/2 = ^- 

If we take w = e7 cos jujty we must take 

a; = e7 sin fijt^^ y = *^^ sin /a^^, z^^ — J^ cos /t^^, 
and —{fi^-a)J-lJ^=^0^ bJ'-(fi^ — a)J^=:0. 

If we take ^£7 = -K" sin fijt^ we must take 

cc = — jK* cos fijtj y = ff'a cos /t^^, 2; = ^, sin fi^t^ 
and (/i^-a)^4J^, = 0, -i5'4(/A,-a)Z, = 0. 
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Therefore the solution of the equations is 
w = H cos fif + J sin /Ltj* 4 J cos fij^ + K sin /a^^, 
a? = £r sin fM^t — / cos fijt + J sin fij; - -K" cos /*,*, 

y = — T^ jff sin /Ltj^ + — T^-i/ cos /Ajf 

4 T— ^ «/ sm /ij^ + — T^' K cos /tj^, 

= -i-* If cos fijt. H ^* / sm /Mjt 

involving the four arbitrary constants H^ I^J^K. 

ix. What is the nature of the analogy between the 
bending of a flexible rod and the motion of a rigid body ? 

Work it out in full for the case of a pendulum which jiW^ 
makes a complete revolution in a vertical plane. 

(Thomson and Tait, Natural Philosophy^ §§593 — 611). 

Draw two planes of reference. at right angles to one another 
through the elastic central line of the rod when straight, 
cutting the normal section at P in PK and PL. 

Let the rod be bent into any curve, of which PT is the 
tangent to the central line at the point P; and let t be the 
twist at P, and /c, X the component curvatures in the planes 
perpendicular to PK and PL. 

If a rigid body be taken which moves about a fixed 
point (?, and which has component angular velocities t, k^ \ 
about axes 0T\ 0K\ OL fixed in the body; then if P 
move along the central line with unit velocity, the lines 
0T\ 0K\ 0L\ if initially parallel, will always remain 
parallel to PT, PK, PL. . 

The twist and flexures t, k, \ being proportional to the 
impressed couples, the energy w of the stress per unit length 
of the rod is a quadratic function of t, k, X, and therefore 
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where A, B, (7, F, <?, M are constant, since the rod is 

supposed uniform. 

If ^, B, G, F, C, H be the moments and prodncta of. 

inertia of the rigid body about the axes OT"^ OK , 0L\ then 

w is the kinetic energy of the body, 

ponent coupleB acting on the rod at P perpen- ' 
FT, PK, PL, and the component moments of 
of the rigid body about OT, OK', OL' are 

■ J -J- , jv respectively ; and the resultant stress 

i point P and the corresponding resultant moment 
n of the body will be equal. 
:)d be bent oy a pair of balancing wrenches at 
e stress couple at any point P will be the resultant 
i G of either wrench and of the couple formed by 
i force R of the wrench to the point P. 
ressed couple that must act on the rigid body in 
te the body move in the prescribed manner about 
he rate of variation per unit of length at P of 
uple, which is B sin a, where a is the inclination 
i axis of tbe wrench. 

force fl, parallel to the axis of the wrench, acting 
point in OT' at unit distance from 0, will make 
Jy move in the required manner. 
irticular case t=0, X=0, (?=0 ; and the rod takes 
f {fig. 77), where the curvature is proportional to 
from the line of force. 

the length of the simple equivalent pendulum of 
dy, and also the mean proportional oetween the 
rvature at P and distance of P from tbe line of 
if P move with velocity -^iffa), instead of unit 
e tangent at P if initiaUy will always be per- 
or (fig. 78). 

time t, measured from the instant when P is at 
r in the vertical position OA', let the angle 
and tbe arc j4P=s; then s = >/{ga)t. 
Eition of motion of the pendulum is 

=yo(l + cosr), 



■■©■ 
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dt __l //a\ . 



dt 1 //a\ 
or -T^ = -./(- 1 sec - ; 



therefore ^= . /( - 1 loe tan 



- 'JO ^ 



4 ' 

or tan — - — = e^0\ 

4 

and the intrinsic equation of the curve AP is 

tan — : — = ea . 



10. Define an electric image, and find the surface density 
on an uninsulated spherical conductor (radius a) under the 
influence of a quantity e of electricity at an external point at 
a distance / from the centre of the sphere. 

When the sphere is insulated and the whole charge on the 

s 

sphere is — 6 ^s j ^^^ the position of the line of no electrifica- 
tion on the surface of the sphere, and the quantities of 
electricity on each side of this hne. 

(Maxwell, Electricity^ § 157). 

When uninsulated the charge induced on the sphere is 

— 6->, and the surface density at any point is ^^-z tj 

where r is the distance from the influencing point. 

Hence if the sphere be insulated' and have a charge — e-^^ , 

we must superpose on the preceding system a charge 

( 8v /**— a'* 

- — ;7^ J , uniformly distributed with surface density e^ — ^ ; 

and therefore the density at any point will be 









iira \f 

At the line of no electrification on the surface of the sphere 
r=f] hence if ^ be the influencing point (fig. 79), B the 
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image, O the centre of the sphere, and EE' the line of do 
electrification: then AE=AC, and therefore BE=EC. 
The quftntity of electricity on EDE' 

■■ e-^^ ffi - -,1 2im« sin Sde : 

= a*-2a/coa0+/', af&mede = rdr. 
■ the quantity of electricity on EDE' 

=i.>-(.-5)(3.5), 

) the qnantity on EdE' 

= -ie^(n-|)(3-;). 

1 13 meant by the specific inductive capacity of a 

le the electrostatic capacity, per unit of length, 
oe cable, the diameter of the core being d, and 
diameter of the insulating sheath Z>. 
; the leakage to bear, at alt points, the same 

charge, form the equation for the transmission 
itenttal along the cable : and shew from it that, 
\i3, the time necessary for a definite electrical 

as the square of the cable's length. If the 
snsiderable, how must the battery-power depend 
I of the cable in order that slow aignab maybe 
itepsity ? 
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(Maxwell, Electricity^ §§52, 126; Stokes and Thomson, 
Proceedings of the Royal Society^ VII.) 

Let c be the electrostatic capacity per unit of length, so 
that cvl is the quantity of electricity required to charge a 
length I of the cable up to potential v. 

I K 

Then c = - ■■ ^. , where K is the specific inductive 

capacity of the dielectric. 

Let k denote the galvanic resistance of the cable, and 
let 7 denote the strength at the time t of the current at a 
point P of the cable at a distance x from one end. 

Let h denote the ratio of the leakage to the charge per unit 
of time. 

The potential at the outside of the cable may be taken 
at each instant as zero ; hence at the time t the quantity of 
electricity on a length dx of the cable at P will be cvdx. 

The quantity that leaves the element dx in the time dt 

for the adjacent parts of the cable will be dt-j-dx^ and the 
leakage In the same time will be hcvdxdt. 

Therefore — cdx '7'dt=:dt-~dx-^ hcvdxdt^ 

» 

dy /dv J \ 

dv 
But the electromotive force at P is — ;>- , and therefore 

^7 = — -^ ; therefore 

d*v , fdv , \ 

the differential equation for the transmission of electric poten- 
tial alonff the cable. 

This IS the differential equation for the propagation of the 
temperature v in a bar, of which c is the specinc heat per unit 
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of volume, and y , h the coefficients of Interior and exterior 

conductiblllty of the bar per qnit of length. 

If we assume v = e"**^, the differential equation becomes 

dx^ dt 

The consideration of the dimensions of this equation shews 
that two cables will be similar, provided the squares of the 
lengths a;, measured to similarly situated points, and therefore 
the squares of the whole lengths Z, vary as the times divided 
by ck ; or the time of an electrical operation Is proportional 
to ckl\ 

Taking into consideration the leakage, the potential di- 
minishes as e"*', and the time varies as the square of the 
length of the cable; hence the battery power must vary 
as e^^. 
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Thursday, Jan. 21, 1875. 9 to 12. 

Mr. Coceshott. Eoman nnmbeis. 
Mr. Greenhill. Arabic numbers. 

1. Explain the general principle of reciprocal polars. 
Shew that the reciprocal of a circle with respect to a point is 
a conic section, and determine the nature and magnitude of 
this conic. 

The diagonals of a quadrilateral inscribed in a circle 
intersect at right angles in a fixed point. Prove that the 
sides of the quadrilateral touch a fixed conic. 

The angular points of a rectangle circumscribing a conic 
lie on the director circle. 

Reciprocating with respect to a focus proves that if the 
diagonals of a quadrilateral inscribed in a circle intersect 
at right angles in a fixed point, the sides of the quadrilateral 
will touch a conic, of which the fixed point and the centre 
of the circle are foci. v 



ii. Prove by changing the order of integration, or other- 
wise, that 

Prove also that 






"-1 

» 



-{^(c^\if^''^)-fi^)}' 



^ [x-yp[y-^-' 
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Changing the order of integration, 
f dy f fmd l _ j- .,, , „ f d^ 

= T£/({)^f-^(/W-/(0)); 
{' dy 

■ JEvll^-jXy-f)! "• 

,, ■ r_*- r rmdc 
^ r riiL4t_ f' dz 

re, by Buccessive changes in the order of inte- 
rn ulti pie integral becomes 

= {rQ}"l/^)-/C0)l. 

and <l> (x, If) are two functions of x and y, which ■ 
lud 4> (X, y] by a linear transforn[iation in which 
) id unity, prove that 

bx'y + cx'y* + dxy' + ey' = l represents a hyperbola 
ijugate referred to rectangular axes, form the 
iich determines the lengtlis of the semi-axes. 
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Transformed to the axes, the equation will become 

a" ySV ' 
where a and yS are the semi-ases. 

Therefore |_, - _ - _, j (^_ - 1, j 



or 



12ae-3Jrf+c' 



a*^ 16 

j"2 + j~a) <>>^ ^^^^ function 

1 12 1 . - . 

^V(12ae^35c;-fc-)_^^^^^^^ 
6 

Hence the required equation is 

iv. State the conditions that the integral of a given 
function of re, y and the differential coefficients of y with 
respect to a; shall be a maximum or minimum by the 
variation of the form of the function connecting x and y, 
and explain how the limits of integration and the constants 
introduced by the integration of the differential equation 

z 
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are determined when no conditioiis are imposed by the 
problem on the values of x and y or the differential co* 
efficients at the limits of integration. 

A lamina of given mass ia symmetrical with respect to 
an asis and its density at any point varies as the sqnare 
of the abscissa measured from one end of its axis; if the 
attraction upon a particle on the axis be a maximum, prove 

that the lamina is bounded by the oval ^={-^ — ) cos^, 

where m is the given mass and <r the density at tmit digtancCf 
assuming the law of attraction to be that of the inverse" 
square of the distance. 

The attraction of the element ydx of the femina i» 
xj/dx 






aad therefore the attraction of the lamina i» 
xydx 






The mass of the Ittnisa ia give 



»=2o-| 



Let F=^,-^L_^; 



the maximmn value 



of r* 1 



The condition N — t~ +•••• 
ax 



therefore r* = a 

the eciaatioD of Ae cHrve bowi 
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At the limits Vdx^-V^dx^ must vanish, and therefore 
Fj = 0, Fq = p, which bends to y^ = and y^ - 0. Thus the 
lamina must be bounded by the whole closed curve. 

To determine a, since the mass of the lamina is m, therefore 

w= I [ar^ COB* 0drdd 



= J(7C«* I cos* 
•'o 

i 4 3.1 TT 

= *^^ 4:2 2 5 



0d0 



ftherefore <f = - — . 

OTTO" 

5. Prove that 

//. . .ar^r/^^z'^^.^,f{x + y + 2 +. . .) dxdydz. . . ., 

Ihe integral being so taken as to give the variables aill 
positive values consistent with the condition that a? + y + « +. . • 
IS not greater than 0, is equal to 

T{l)T{7n)T{n) f .^.^^ j^^^n^^-^i^},^ 

If a rod be divided into p pieces at random prove that 

(the chance that none of the pieces shall be less than — th 

'^ - m 

•of the whole, where m is greater than jp, is f 1 — — j . 



If a; be the distance of the n^ point of division from 
one end, then if each piece be greater than — th of the 
whole, we must have x greater than — and 1 - a? greater 



.than ; and therefore 



o-n n 

1-^- >x> — . 

m m 
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Hence, each point of division has a favourable range 
1 — — of the leneth of the rod when each part is not less 

than —th of the whole, and since there are p—l points of 

division, the required chance is f 1 -• ^ j . 

6. State what general class of integrals can be reduced 
to elliptic integrals. 

Distinguish the three species of elliptic integrals, and 
explain the terms sinam, cosam, Aam. 

Prove that « 

. r / \ . / . \i ^ sinamu cosamt^ Aam v 

»m [am Cu -f r) + am (m + vj] = — — j^r-. = — ; 5— . 

^ > ' \ /J 1 — At smam tt sinam u 



Writing for Bhortaeas a, = sinam«, y = 8inamr, then 

sinam [u + v] i-]^a^f 

A + A' 
— — ^ — suppose, 

cosam (k+ «) = ^ '-^ 1-ifcW 

B-E 
= — j: — suppose ; 

and therefore 

sinam [m - v) = — jz — , cosam(M — v) = — j- — . 

Therefore sin [am (w + v) + am {u — v)\ 
= sinam (m + v) cosam {u — v) + sinam {u — v) cosam (« + v) 
(A-^ A') jB+B') -f (^ - A') {B- B') 



= 2 



AB+A'B' 



B 



» ^ 
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■ 

and AB+A'B' 

=x V(i - y") V{1 - k'f) V(i - x') V(i -/) 

= a:V(l-a:*)V(l-*y){l-y'+/(l-^V)} 

„ _ ^B +^^B' 2a; V(l ~ a;'*) V(l - %') 

Hence 2 ^^, - fTXy^* » 

the required result. 



vii. Prove by Newton's method that an orbit similar and 
equal to the apparent orbit of P round S in motion may be 
described round 8 fixed by the action of the same central 
force, and that the periodic time will be increased in the 
ratio of 

V(/8+P):V(5). 

Prove that if two similar orbits be similarly described, 

By* a . , 

a = —^ , \ = - ; where a is the ratio of homologous linear 

dimensions of the orbits, /8 is the ratio of homologous forces, 
7 the ratio of the periodic times, 8 the ratio of the masses, 
and \ the ratio of homologous velocities. 

If PQ^ pq be similar elementary arcs of the two orbits ; 
PR^pr the tangents at P, p and RQ^ rq the subtenses in 
the direction of th^ resultant impressed forces, then 

PR RQ 
pr rq ^ 



v'i 




^^ a=r7:? = — -nf—i 



^'M'^" 



174 SENATE-HOUSE PROBLEMS [Jan. 21, 

where v, v' are the velocities at P, p respectively, 

P, P' impressed forces , 

M^ M masses, 

t^ i times of describing P^, p j. 

Therefore a = \7 = — ^ , the required relations. 

8. Prove the differential equations for the motion of the 
tmoon supposing its orbit in the ecliptic, 

^ _ P _ _T_ da J dW JIT 
^^+w-^^, ifV • de' ^^^ de '^ u^' 

If P=/Ai*«-^{i + fcos2(l-7n)^}, 

^and we assume as integrals of the equations off motion 

aw = 1 + a, cos2 (1 — m) 5, B[= nd^\\ + \ cos2 (1 - m) 0]^ 

;and neglect squares and products of m^, \ and o^^, prove that 

a 2-m 

X 3m 1 — m 8 8 /I . 1 2\ 

/fc, = 77-; Ti ^1= ^/1 yg -I 1 fi = na (l + *?nl, 

* 4(l-m)' * 4(l-7w)*-l' '^ ^ ^ ^' 

and ^ = w« + e-i-^r7T \ Bin2 (l-«i) te« + e). 

2 (I - w) ^ ^ ' 

To the required order of approximation 

fi' = nV {1 + 2Aj cos2 (1 - «i) ^}, 

-^- = - 4wVA, (1 - m) sin2 (1 - m) 6, 
^ = - SmWa* Bin2 (1 - m) 6^ 
therefore *.=-^i3^- 



f 
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Also ^ +u=l-^{iil-my-l} C0B2{t-m)e, 



wi* 



= -^ {1 - 2A, cos2 (1 -to) 6] {^ + 1 cos2 (1- jm) ^}„ 



na 



to the required order. 

Therefore, equating coefficients of like terms,. 



A* 1 ni 



* 



a n^a* 2 a * 






©r /It = wV (1 + ^w"), 

amd ttj {.4 (1 - m)" - 1} = 2k, + fw* 

3w" 



2(l-m) 



H-|m* 



- fw'- . 

1 — w 

Abo -7- = £^w' t 

therefore w ^ = -w-^ = 1 - (2aj + AJ cos2 (1 - w) 0j 

n« + g= ^« ^L±*t^ sin2 (1 - w) ^, 
2(1 — 7») ^ ' ' 

and, inverting the series, 

^ = w« + e-f ^^^, sin2(l«7n)(n«+e:) 
to the required order of approximation^ 



1 
i I 
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graTitating particle of mass m' be placed at the 
), prove that the work required to move a particle 
j from the point (^z) to an infinite distance is 

ao that 

these theorema by replacing the particle m' by 
bodies of finite extent and find toe potential at 

ue to a hollow sphere of uniform density. 

lat the pressure per unit of length on any normal 

1 spbencal shell of mass m and radius a due to 
gravitation of the particles tends to the limit 

e thickness of the sbell is indefinitely diminished. 



)■' = (a; - a:'}' + (y - y'f + (a - z'f, 
equired to move a particle of unit ma!<s from a 
rom the particle m' to an infinite distance is 



t" , dr m' 
I m -T = — 
Sr r' r 



Z{x- 



:e, provided r does not vanish, 

|i+J)['»'i(«-»^')+(j'-yr+(«-«Ti-'j=o. 

article m' be replaced by bodies of finite extentj 
jcedtng propositions, being true for every particle 
a, are true by addition for the whole bodies ; and, 
F V be the work required to move a particle of 
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unit mass from a point (x^z) to an Infinite distance, and if 
p be the density at the pomt [x'y'z*)^ then 

V^JJJp'dx'dy'dz' {{x « xy + (y - y^ + {« - z')V, 

and if {xyz) be a point in free space 

dx* dy* dz* 
If, however, p be the density at the point {xyz)^ 

d'V d'V j«r , 

For a hollow sphere of uniform density pj V depends only 
on the distance from the centre, and taking the centre of the 
sphere as origin, and n^ssa^-^- 3^ + z\ 

d*V 2 dV , ^ 

■ 
therefore -j- ( r* -r- ) + 47rpr* = 0, 

where m, is the whole amount of matter within the spherical 
surface of radius r. 

If a, d be the external and internal radii of the shell, 
then 

(i) When r>a^ w, = ^Trp (a'* - &') = w, ^- =-pi 

and r=:^, 

r ' 

where m is the mass of the shelL 

(ii) a>r>&, 7»i, = f7rp(r'-&»), — = -|,rp^r- -,) , 

AA 
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and when r = a/ V= f Trp (a* 1 ; 

a* J . 

(HI) *>^> '^t = ^r^ = 0, 

and V is constant and equal to the value it has when r = J ; 
therefore V= 27rp [a* — 5'). 

The resultant force of attraction on one half of the shell 

I I " r-T- COS 0pdrrd0r sinff d<j} 

= ^Try (a - by {a' + 2«J 4- 3 J^ 

, (a~&)'(a' + 2a5-|-3y) 
- ^^ (a' -J')' 

. , a'-h2a5 + 3y 

which becomes — ^ when b is made equal to a. 

Therefore the pressure per unit of length on any normal 
section will be 



16W 



10. Establish the equation of continuity of a fluid, (i) by 
considering the fluid which enters and leayes a fixed element 
of space, (ii) by following the motion of an element of the 
fluid. ^ . • 

Find the rate at which momentum in the direction of the 
axis of X of the fluid which is instantaneously within the 
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element of space dxdydz is increased on account of the fluid 
which enters and leaves that element. , 
Hence prove, thjat 

d[up) ^ d{u*p) ^ d{uvp) ^ djuwp) ^ dp ^^^ 
dt ' dx dy dz dx '^ 

with the usual notation, and deduce the ordinary equations 
of fluid motion. 

Considering only what takes place in the interior and on 
the surface oi the element of space dxdydz at the point 
xyz^ and considering only the components of the force and 
momentum parallel to the axis of x^ then the momentum 
of the fluid which is in dxdydz at the time t is updxdydzj 
and the momentum of the fluid which is in doodydz at the 

time t-\-dt\^ updxdydz ^ ~^— dtdxdydz. 

In the time t^-dt 

(1) momentum iPpdtdydz enters the element of space 
dxdydz by the face x^ and momentum 

%?pdtdydz ■{ — ^^-^ dtdxdydz 

leaves by the face x-\-dx\ 

(2) momentum uvpdtdzdx enters by the face y^ and 

momentum uvpdtdzdx + -~-— dtdxdydz leaves by the 
face y + dy] ^ , 

(3) momentum uwpdtdxdy enters by the face «, and 

momentum uwpdtdxdy-i — , dtdxdydz leaves by the 
face z + dz. ^ 

Hence the rate at which momentum in the direction of the 
axis of a; is being generated within the element of space 
dxdydz per unit of volume is 

d{up) d{t^p) d{uvp) d[uwp) 
dt dx dy dz 
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CoDsidermg the pressures which act on the element dxdydz^ 
the pressure p on the face x generates in the time dt the 

TCLomGnixxm pdtdydz^ and the pressure p-\- -^dx on the face 

x + dx generates in the time dt the momentum 

T)ie pressures on the faces parallel to the axis of x will 
generate no momentum parallel to the axis of x. , 

The impressed force X generates in the time dt the 
momentum pXdtdxdydz. 

Hence the rate at which momentum in the direction of 
the axis of x is generated within the element of space dxdydz 
by the pressurei of the surrounding fluid on the element and 
bj the impressed force per unit of volume is 



Therefore 



''-I- 



^ dx^ dJt dx dy dz ^ 

the required equation. 

Combined with the equation of continuity 

dp ^ d[up) ^ d{vp) ^ d[wp) ^ ^ 
dt dx dy dz ^ 

this equation reduces to the ordinary form 



du 



^ 1 dp du du du 



w 



XI. If the velocity of normal propagation of a plane wave 
of light-vibrations in a crystal in a airection (Z, m, n) referred 
to a system of rectangular axes be given by the equation 



P -» -« 



7n n 



a— V o— t? c— w 
prove that when a disturbance spreads from the origin of 
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coordinates, the locus of all particles In the same state of 
vibration is a surface of the form 

ax by c z 

r — o r — r - c 

If a, £, c are unequal and in descending order of magni- 
tude, prove that the surface has four real nodes, and that the 
equation of the normal cotie at one of them referred to axes 
parallel to axes of the surface is 

(ZC 

In finding in the usual way the envelope of the plane 

Ix + my + w« = v, 
subject to the conditions 






we obtain 



a - V 6 — I? c - V 
Z'+m* + n' = l, 

a; Zv 



«.* y.« *," ^» > 

7* —a t? — a 



y - 



WIV 



z nv 



i^« ^* *%'' y.* > 



from which we find the required equation of the wave surface. 
At the four real nodes y = 0, r = i, and 



Therefore 



aV 


cV 


aV 


o'-5»" 


J'-c*" 


o'-c*' 


X 


Iv 




a*- 


V~ a^- 


»" 


z 


nv 


• 


i» 


-a ~ i.» 


«o 
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or ^_v = (a«_J«)i, 

V ^ ' z 



V ^ ' X ^ ' z 



Therefore - — 1 = (a« - i") - + ( J* - c") - , 



(a' - c*) « = c* (a* - 5") - + a" (6* - (^) - . 
Eliminating v^ 

(a'-cT=c''(a''-6')'|.+(a''-i«)(ft'-c«)(a«+c»)^+a'(y-c«)5, 



or (a''-<?)(P + jn* + «') 

= (a* - 6') f + -""- V(«* - h*) >J{h* - c") & + (J' - c^)n\ 



a^ + c' 



oc 



or P (J" - c') + m' (a* - c") + n" («' - J'O 



= ^(a« + c')V(a*-5»)V(5''-c''). 



xii. Find the intensities of the reflected and refracted 
rays, when light polarized perpendicularly to the plane of 
incidence falls on a refracting surface of glass, stating clearly 
the assumptions that are made. 

If common light fall on a series of parallel plates of glass 
at an angle tan'Vj where fi is the coefficient of refraction for 
glass, prove that the light reflected at any of the surfaces 
of the plates will be completely polarized in the plane of 
incidence. 

The assumptions rest on four piinciples ( (Euvres de Verdet^ 
tome v., p. 397). 

1. The principle of energy, by which the energy' of the 
incident ray is equal to the energy of the reflected and refracted 
rays. 
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2. The principle of continuity, by which the differences 
of velocity and displacement of points indefinitely near to one 
another on opposite sides of the surface of separation of the 
media are innnitesimsilly small. 

3. The principle of sudden change at the surface of 
separation, by which it is assumed that the change from the 
incident to the reflected and refracted ray takes place im- 
mediately. 

4. The principle of the constitution of the ether, in which 
it is assumed that the pressure of the ether is the same in 
all media, and that the difference of the velocity of light 
is due to the difference of the densities of the ether, so that 
the velocity of light in a medium is invel^ely proportional 
to the square root of the density of the ether. 

If a denote the amplitude of the incident, h of the reflected' 
and c of the refracted ray, where h and c are estimated 
positively when the direction of the vibration of the reflected 
or refracted ray coincides with the direction of vibration of 
the incident ray when the reflected or refracted ray is turned 
so as to be in the prolongation of the incident ray (fig. 80),^ 
and if L i' be the angles of incidence and refraction : then, 
by principles 1 and 4, ^ 



Therefore 





a'- 


5" 


sint cosi' 






<? 


• 


sini' cosi * 




[pies 


2 and 3, 








(«- 


• 6) co8i=»^cosr. 








a + ft 


sini 











sm* ' 




tan(t 


■-«'> 


e 


2 sini' 


cost 



a tan (i + i') ^ a sin (i + i') cos (i - i') ' 

If i+ i' = ftO*, then tani= /tt, and the light which is reiectecl 
at the surface will be completely polarized in the plane of 
incidence. 
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If the light fall on ft series of parallel pUtes, theo, since 

1-1- 1" = 90°, the light after any nnmber of refractions, iDtemal 

, will always be incident at the polarizing angle, 

iflected light will be completely polarized in the 

:idence. 
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Thursday, Jan. 21, 1875. 1^ to 4. 

Prof. Tait. Boman numbers. 

Mr. Grebnhill. Arabic numbers. 

1. If a binary quantic contain a linear factor a times and 
not more, prove that the Hessian will contain the same linear 
factor 2a — 2 times and not more. 

Find the conditions that a binary quartic may be a perfect 
square, and considering the coefficients as being each of the 
order unity, shew that the order of the system is equal to 4. 

The repeated factor may without loss of generality be 
taken to be a;, the quantic is then a;*^, and it ia to be shown 
that the Hessian contains the factor aj^"'*, and not any higher 
power of X. The first dififerential coefficients of af ^ are 

"^ ^^^ dx'"" dy' 
and hence the Hessian is 



|a(a-l)af 



-.+.«^.$+-su^* 



dx da?) dy^ 



k 



ay dxay) 



= ax 



{(«-')*f-«(|)]+--' 



^'^ha^DA'L^^ai^] ^ + terms in x^*^ and x"^. 



Hence the Hessian contains the factor a;**"', and it only 
remains to show that it does not contain any higher power 
of X ; this is so if the coefficient of aj**"' does not vanish 
for a? = 0. 



BB 
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Suppose (j) is of the order ?i, and write -4, B^ C for its 
second diflFerential coeflScients, we have 

w(n— 1) 

and tkence the coefficient of x^''^ is 

which for a? = becomes 

—-1-— Un - l)(a- 1) - na} Cy, = ^^t^^4 Cy. 

But the quantic x^(l) contains the linear factor a (and not 
more) times, hence does not contain the linear factor a;, 
and consequently its second differential coefficient C does not 

vanish with x] and the remaining factor — —.^ does not 

vanish for any positive integral values of a or w ; hence the 
Hessian contains a non-vanishing term in x^'^j or it contains 
the linear factor 2a — 2 (and npt more) times. 

If a binary quartic contains a linear factor twice, then the 
Hessian contains the same factor twice; and hence if the 
quartic is a perfect square (that is, if it contains two linear 
factors each twice), the Hessian will contain the same factors 
each twice, or it will be a mere constant multiple of the 
quartic. Taking the quartic to be 

(a, 6, c, (7, ejx, y)\ 

the conditions are 

ac-V _ 2[ad-lc) _ ae-Y2ld-Zc^ _2{le-cd) _ce-d'' 
a 46 "" 6c Id e ' 



1|— 4] AND RIDERS. 187 

these being, of course, equivalent to a two-fold illation between 
the coefficients (a, &, c, d, e). 

The order of the system is equal to the number of solutions 
obtained by combining with the foregoing a number of 
arbitrary Imear relations . sufficient to render the system 
determinate; that is, 2 arbitrary linear relations. The con- 
ditions express that there exist quantities (a, /3, 7), such that 

(a, &, c, (?, ejx^ yY = (aaj' -f 2^a?y -f 7/)* 

identically, viz. that we have 

a, 4&, 6c, 4(7, e = (a", 4a/3, 2a7 + 4/8", 4/87, 7*). 

Imagining these values substituted in the arbitrary linear 
relations, we have for the determination of the ratios a: j3 : y 
two equations of the form (a, )8, 7)^ = giving 4 systems of 
values of a, /8, 7, and therefore also 4 systems of values 
of (a, &, c, dj e) ; or the order of the system in (a, J, c, rf, c) 
is 4. 

2. State and prove Sturm's theorem for determining the 
number and position of the real roots of an equation. 



If x-1 ^ r-iy 



prove that wX„ = (2w - 1) ajX^.^ - (w - 1) X^.^, 

and hence shew that the roots of the equations X„ = 0, 
X„_, = 0, ... are all real and between — 1 and 1. 

Putting — -— =«, then 

«Z, - (2« - 1) xX^,, 

dT'xz"-' 



1 f <r-'a!s"- ,„ ,, 



c?a;' 



n-i 



+ pn -.)(»- 1)^2"} 



! 
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[n-2 rfaj**- t doj ^^'^ ^^ ^ J 



\n — 2 dx 



„ 1 ^♦»-«««-« 



.»-« 



[n- 2 da:' 

Considering the series of functions X^^ -^„-i? •••7 -^o? ^® 
see that -3lq = 1, and that two consecutive functions cannot 
therefore vanish for the same value of x\ also that when 
a function vanishes, the adjacent function,s are of opposite 
sign; hence the functions maj be considered as a series of 
Sturm's functions. 

When ic = -l, X =(-1)"*, and when a: = l, X^=l\ 
therefore the roots of the functions are all real and comprised 
between ~ 1 and 1, and the roots of the equation X„_j = 
separate, the roots of the equation X^ = 0. 



3. If -^t = , prove that 



,y 6 + c J sin ya—c sin (y-f 2) a- 2e« cosa sin(y+l) a c 
^ 26COsa*68in(y- l)a— C8in(y+l)a— 2e< cosa sinya e ' 

where (J + c)* = 4 (Jc — ae) cos* a, and hence prove that the 
condition that -^ is a periodic function of the icth order is 

J'* - 2 Jc cos — + c'* 
tir X 

a = — or 6 = — . , 

X M 9^'"' 

4a cos — 

X 

i being an integer not a multiple of ar. 

Find -y^^t wnen (J + c)'*>4(Jc — oe), and discuss the case 
when (6 + c)^ = 4 (Jc - ae). 
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Let '^^t = u^'j then 

a + bu 



W„.- = 



^ i or u^^{c-i eu)=^a-\-bu^. 



^^ c + eu/ ^^ 
LetM =^«±i--: then 

or «\+8 - « (^ + ^) Vi + ^c - ae = 0. 

Hence r = -4/8^ + J5y, where /8, 7 are the roots of the 
equation 

ejV — e (& + c) 2? + Jc — ae = 0. 

If (6 + c)'<4(Jc — oe), the roots of this equation are 
impossible; and, putting {6 + c)' = 4 (Jc- ae) cos* a, the roots 
are 

r fcosa + V{— 1) sinaj. 

2e cosa ^ - v v y j 

Therefore 

J + c (7 sin(y+ 1) a + Z> cos(y+ 1) a c^ 
^ "" 2e cosa sin^a + D cosya _ ^ ' . 

and putting y =5 0, w^^ = ^, and 

f -7^ sma + cosa — = ti 

2ecosa \B J e ^ 

. ^ (7 2et cosa — (J - c) cosa 

tnereiore -^ = 71— — r — = — , 

D l^ + ^J sina ' 

, C s\n{y + l)a + D cos(y4 1) a 

(7 sinya + D cos^a 

_ 2eicosasin(y+l)a-(J— c) cosasin(y-M)a+(J+c)sinacos(y+l)a 
2et cosa sinya — (6 — c) cosa sin^a + (J + c) sina cosya 

__ b sinya - c sin (y + 2) a — 2et cosa sin(.y + 1) a 
"" 6 sin(y — l)a — c sin(^ •|-l)a — 2^cosa sin^a* 
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Hence -^"1 = 1 if a = — , and then, since 





(J + c)" = 4(6o-o«) 


cos' a, 


iae 


cos"— +J'-25ceoa 


^-f-- 


f c)' > 4 [he - ae), j9 and 7 are real, and 




"• AlS' + JV 


e' 


lngj( = 


0, «,= (, and 












A ■>-•- 


c 
6 


i 


-^'-0-.- 


c' 



function cannot be periodic. 
4c)* = 4(Jc-tie), then j3 = 7= — — ,and 
v,= lA^-Ss)ff', 

"•- ,-(^-,-«-), •• 

rind the measares of cnrvature and tortuoBity at any 
" a given curve. 

E any point of a curve the osculating helix be drawn 
the same curvature and tortuosity as the curve, prove 
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that the axis lies along the shortest distance between con- 
secutive principal normals, and that if along the curve and 
the helix equal arcs Ss be measured from the point of contact 
and on the same side of it, the distance between the ends 

C^ 3 7 

of these arcs will be ultimately —^ . -~ , where p is the 
radius of curvature. ^P ^ 

The oscillating helix touches the curve and has the 
same osculating plane as the curve at two consecutive 
points; hence the curve and the helix will have the same 
principal normals at two consecutive points, and therefore 
the axis of the helix lies along the shortest distance between 
consecutive principal normals. 

If Z, 7W, n be the direction-cosines of the principal normal 

at the point xyz^ and if Sic, Sx', be the relative abscissa of 

the ends of equal arcs Ss measured on the curve and on the 

dx d DC 

osculating helix, then since -r and -ty are the same for the 

curve and for the helix, therefore 

Sx' '-8x = — ( —Ts - -j-8 ) to the 3rd order. 

d'^x I dl 

Now -, »- = - , and -7 is the same for the curve and the 
ds p ds 

helix, but in the helix -^ = 0. 



Therefore -r-^ = - ^; r, ~ 



and 



therefore 



d"x 
ds" 


1 dl 
p ds 


I 


dp 
ds' 




d'x' 1 
ds" '^ p 


dl 

ds 


• 


d"x' 
ds" 


d"x 
ds" ~ 


I 
"P' 


dp 
ds' 


Sx' 


— Sx — l 


Bs" 


dp, 
ds' 



7\ ^ rJ 

and therefore the required distance is -—5 -y- to the 3rd order. 

6p ds 



=^(0m- 
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V, State, briefly, to what classes of enquines Laplace's 
coefficients are most directly applicable, and mention the pro- 
perties which render them so useful. 

Show that the coefficient of h* in the expansion of 
"-''••'■+A'J-* is' 

Q^ = 

irove that 

: as I and J are different, or equal, positive integers. 

ical Harmonics or Laplace's coefficients are used 
« in converging series the potential and attraction 
and the velocity function of liquids. 
isefulnera of these functions depends on the funda- 
roperty that a harmonic distribution of density on 
al Bunace produces potential, which is the allied 
monic of positive degree in the interior and of 
degree in the exterior of the sphere ; and, similarly, 
Jocity fimction of a liquid. 

{l-2ljtk + ¥)* = l-xk, 

I increases from — 1 to +1, x aisc 
[j also 

1 - i/ih + X' = 1 - 2xk + 3:*A* ; 



fore by Lagrange's theorem 
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Also -Y- ^l-xh 

ctx 

= (1 - 2/aA + A')* ; 
therefore — = (i - 2fih + A*)'*, 

and therefore Q,= ^(J-^j {^^'J. 

Integrating by parts, / QiQjdfi 

= i i U^V c'-K" (IS /^'-nT 

tbe first part vanishes at both limits, because [-r^) ( -^ — 1 

contains fi^—l as a factor. 

Hence, continuing the process of integration by parts, 






If * andy are different, this is 






which vanishes at both limits. 
But if i andy are equal, this is 






cc 
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and j" {ji'-l)'d/i= L{^L'-1)Y -2ij' /*"(/*' -l)"<Zyit 

■ , ,,, 2t(2t-2)...2 /•' , 
= (-^) (2^+l)...3 J./^ • 

- of ,w 2t(2i--2)...2 
~ ^ ^ (2t+l)...3 • 



Therefore 



[2i2i(2;-2)...2 



2'**(|iy(2i + l)(2i-l)...3 
2 



2« + l* 



6. Assuming that if V be the potential at a point outside 
the spheroid at a distance r from the centre of a homogeneous 
spheroid of small ellipticity, the equation to whose bounding 
surface is ^ = 4(1 — fs^Jj where k is the mean radius of 
the spheroid, p the density, s the ellipticity, and Q^ the zonal 
harmonic of the second order 






3r 15r' 

deduce the corresponding expression for Fwhen the spheroid, 
instead of being homogeneous, is composed of strata of equal 
density, the general equation to which is r = A(l — |eQJ, 
where e the ellipticity and p the density are functions of k. 

If the spheroid be revolving with angular velocity o) about 
its axis, and the external surface be a level surface for gravi- 
tation and centrifugal force, prove that at an external point 

where e^, k^ refer to the external surface, M is the mass of 
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'%' 



the spheroid, m = -^ , and m is considered of the same 

order as e^. 

Hence prove that at a point on the surface of the spheroid 
the resultant of gravitation and centrifugal force is 

M 



The homogeneous spheroid may be considered as made 
up of a sphere of radius k and of a distribution of surface 
density - IpfeQ^ on a spherical surface of radius h. 

By §536 of Thomson and Tait's Natural Philosophy^ 
the potential of this harmonic distribution of density at an 

external point is ^— g — ? ; and, therefore, for the homo- 

geneous spheroid 

Br 15/ 

Hence, if tZF be the potential at any external point of 
the stratum of density p, contained by the spheroids of mean 
radii k and k + dk^ and ellipticities 8 and z + de^ ' 

'^'^-iT dk '^ 15/^r^'*^' 

and, therefore, for the heterogeneous spheroid 

. _ M SirE 
- r 15/ ^»' 

if M denote the mass of the spheroid, and E denote the 
integral / p-^{Tf^)dk. 

The external surface being a level surface we must have 

a constant, over the surface. 
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Putting r = 4Q(l — fs^j^J, and retaining only terms of the 
first order 

or -(l + J«)+|-_(s„-i„0-Y5v}<2.=^. 

for all values of Q^. 

Therefore 3 ^ (^o - i*") " J^s = 0, 

and r=^-?^\s„-^«z)(?. 

On the surface the resultant of gravitation and centrifugal 
force to the order considered is 



dV 



-^-K'-(i-<2.) 



= ^.(i-l'»)U+f(f'»-0<?J 

to the order considered. 

vii. Precession and Nutation are sometimes said to be 
due to the attraction of the sun and moon on the protuberant 
portions of the earth towards the equator. Why is this not 
necessarily true? Shew how to put the statement in a 
correct form. 

What is the terrestrial constant upon which Precession 
and Nutation depend; and how does the determination of 
it from observation give us information, as to the interior 
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distribution of the earth's mass, which we cannot obtain so 
accurately from pendulum observations. 

(Thomson and Tait, Natural Philosophy^ §§ 825, 826). 

Precession and Nutation result from the earth's being not 
centrobaric. 

The distribution of density in the interior of the earth 
might have been such that the earth would be centrobaric, 
although the external surface is spheroidal. 

The terrestrial constant on which Precession and Nutation 

G'-A 
depends is — ^ — , when -4, C are the equatoreal and polar 

moments of inertia of the earth. 

The value oi G — A may be determined solely from a 
knowledge of surface gravity, as determined by pendulum 
observations ; and the interior distribution of density in the 
earth can be varied in an infinite number of ways subject 
to the condition of leaving the surface gravity, and con- 
sequently the exterior gravity unchanged, and for all these 
-distributions G—A remains the same. 

But G will be less or greater according as the mass is 
more condensed in the central parts, or more nearly homo- 
geneous to within a small distance of the surface. 

On the other hand the interior distribution of density in 
the earth can be varied in an infinite number of ways subject 

to the condition of keeping — ^ — the same ; for instance, 

by varying the density in any way, keeping the same strata 
of equal density. 

Consequently a comparison of pendulum observations with 
Precession and Nutation gives us infor;nation of the interior 
distribution of the earth's density, which could not be obtained 
from pendulum observations or Precession and Nutation 
separately. 

viii. Shew how the determination of the form of an 
unclosed soap-film which, with the vessels on the rims of 
which it rests, contains a given quantity of air, may be made 
to depend upon either the superficial extent, or the curvatures, 
of the film. 
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Solve the problem from each of these points of view, and 
shew that they lead to the same result. 

We may solve the problem either by considering the equi- 
librium of each element of surface, the superficial tension and 
the diflference of pressure on the two sides being constant ; 
or from the consideration that the superficial extent is a mini- 
mum subject*to the condition of containing a given volume. 

If t be the superficial tension, and p the given difference 

of pressures, the first method gives - -f -; = ^ , a constant, 

H H 

where p, p are the principal radii of curvature at any point. 
In the second method we have to make 

?7= jJV(l +i>* + 2*) dxdy a minimum, 
subject to the condition that 

W^jjzdoidy Is constant. 
Here F= V(l + p" + 2') + cr«, 

and by the Calculus of Variations, the condition for a mini- 
mum is 

dM dN^^ 

dx dy ' 
dp d q 

or ^ ^-^ ^-^ \ — ^-^=0 

11 

or - + -7 = a, a constant. 

P P 

9. Find the electrification at any point of an uninfluenced 
conducting ellipsoid which has a given charge of electricity. 
Prove that the capacity of an oblate ellipsoid of revolution 

is , where a, c are the equatoreal and polar semi- 

cos"* - 
a 

diameters. 



1^—4] AND RIDERS. 199 

The electrification at any point is proportional to the 
length of the perpendicular from the centre on the tangent 

Elane at the point, and if it be denoted by Xp, we must 
ave jXpdS equal to the charge Q. 
But jpd8 is three times the volume of the ellipsoid, and 

therefore equal to ^irahc ; therefore \ is equal to ^ • 

The potential V at any point in the interior of the 
conductor is constant, and at the centre of the ellipsoid 
of revolution 



'/; 



Op 



2irr sin 



- 1 sin' 5 cos-* 5 

where -5 = — 2 — h 



y a" c^ 



Therefore 



sin Odd 



midde 



'V(a-c') 1 c 

.-iV(«'-c*) 







Q tan" 



e 



Q COS - 

__ J' a 

Therefore the capacity -— is ^ . 

cos"* - 
a 



200 SENATE-HOUSE PROBLEMS [Jan. 21, 

X. Find the pressure at any poipt in the interior of a 
mass of homogeneous incompressible liquid held together by 
the gravitation of its parts alone. 

Employ your expression to find the mutual attraction 
between two hemispheres of a uniform solid globe. 

Take the earth's radius as 4000 miles — suppose Its density 
to be throughout equal to the mean density 5*5 — and take 
the weight ^f a cubic foot of water at the surface to be 
63 lbs. Also suppose the average tensile strength of the 
earth's materials to be 500 lbs. per square Inch. Compare 
the amounts of the gravitation-attraction and the cohesion 
between two hemispheres separated by a meridian plane, and 
calculate the angular velocity of rotation which would just 
enable inertia to overcome them both. 

What would be the radius of a planet, of the earth's mean 
density, and of the tensile strength above assumed, if gravity 
and cohesion were equally effective In keeping two hemi- 
spheres of it together ? 

By the ordinary hydrostatical equation, combined with ' 
a known theorem in attraction, we have 

and if ^ = at the surface where r = a. 

Hence, the whole pressure across a diametral section {i,e, 
the whole attraction of two hemispheres for one another) is 

[ fV(a''-aj*)27rajrfa:=j7rVV. 

J 

The centrifugal force tending to split the sphere across a 
plane section distant b from the centre Is 

I x<D^, irp {a^ — x^) dx 

= 7rpa>» [\d' (a' - W) - \ (a* - h')} 



I 
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Per unit of area of the section the value of this Is {pto^ (a*— J'), 
and IS therefore greatest for a diametral plane. 

Hence the ratio of gravitation-attraction and centrifugal 
force is 

the ratio of attraction to centrifugal force on Sl body at the 
equator. 

This ratio Is ^^^ in the case of the Earth; hence if the 
Earth revolved 17 times faster, it would just be about to split 
across a meridian plane. 

To reduce to numbers, f 7rp*d the attraction at the surface 
on a cubic foot of matter of density p must be 5.5 x 63 lbs. 
weight. 

Therefore the whole gravitation between two hemispheres 
is Jtt X 5.5 X 63a' lbs. weight. 

But the whole cohesion is Tra* x 500 x 144 lbs. weight. 

Therefore the ratio of gravitation-attraction to cohesion 
between two hemispheres is 

5.5x63x4000x5280 ^^,,^ 

A — ^t^—TAA =25410. 

4 X 500 X 144 

Since the gravitation varies as a* and the cohesion 
as a^, gravitation and cohesion will be equal for a planet of 
the same mean density as the Earth if its radius be 

4000 4000 , ^^ .- 

nearly = 25 miles. 
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XI. State the fundamental phenomena of thermo-electric 
currents as discovered by Seeoeck, Gumming, and Peltier; 
and shew how Thomson was led, by thermodynamic reasoning 
from them, to the discovery of the electric convection of heat. 

Wires of three different metals A^ jB, (7, having resistances 
a, hj c, have their ends soldered together at two junctions 
which are maintained at (different) constant temperatures. 
If I^ be the strength of the current when A is cut, I^ the 

DD 
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strength If B be cut ; shew by a rigorous method that the 
strength of the current in C, when all three wires is con- 
tinuous, is 

a{h'{-c)I^-\-h{a-\-c) l^ 
ab-i-bc + ca 



Seebeck discovered that electric currents are established 
in a closed circuit of two different metals with the junctions 
at different temperatures. 

Gumming found that the order of certain metals in the 
thermoelectric scale is different at high and low temperatures, 
so that for a certain temperature two metals may be neutral 
to each other. 

Peltier discovered that when a current of electricity crosses 
the junction of two metals, the junction is heated when the 
current is in one direction and cooled when it is in the other 
direction j if, when the junction was heated, the thermoelectric 
current was in a certain direction, then the passage of a 
current from an extraneous source in that direction cooled 
the junction, while a reversal of the current heated the 
junction. 

From these facts Thomson argued as follows: 

buppose a circuit of two metals in which the temperature 
of the hotter junction is that of the neutral point, there is 
no reversible thermal effect produced at the hotter junction, 
for two metals at the neutral temperature behave as if they 
were the same; and at the colder junction there is, by 
Peltier's principle, an evolution, of heat, while there is also a 
current produced. 

Hence, the only place where the heat can disappear so as 
to account for the current and the evolution of heat at the 
cold junction is in the metals, so that a current from hot to* 
cold must cool one metal, or a current from cold to hot must 
cool the other metal, or both these effects may take place. . 



Let a, yS, 7, X be the potentials of the wires and the 
solder at one junction P; a', ^', 7, V at the other Q (fig. 81) ; 
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and let Xj y, z be the currents in the wires supposed to be 
going from P to Q. 

The electromotive force in the wire A is (a — V)— (oc— ^'), 
and by Ohm's law this is equal to the product of the resistance 
into the cunrent. 

Therefore (a' — V) — (a — X) = oa?, 

or a — a — oa; = V — \ 

by symmetry, with a; + y + 2? = 0. 

Similarly a - a + al^ = y —y — cl^^ 

Therefore cz'-ax=^{c + a) J^, 

c« - 5y = (J + c) /j 
therefore 

{ca + aJ) « - aJ (a; + y) = a ( J + c) /^ -f i (c + a) /,, 
or ^_ a(&H-c)J, + &(c + a)/, ^ 
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Friday, Jan., 22, 1875. 9 to 12. 

Prof. Tait. Greek numbers. 

Mr. Freeman Boman numbers. 
Mr. Grebnhill. Arabic numbers. 

1. From the consideration of a conic and its director 
circle, prove that the condition that it may be possible to 
circumscribe quadrilaterals to a conic 8 such that the ends 
of two diagonals shall lie on another conic S\ is 

where A' A + F0 + Jc& + A' is the discriminant of k8-\- 8\ 
, Prove that the two diagonals of any. such quadrilateral 
intersect In a fixed point, that the third diagonal will be a 
fixed straight line, and that the two tangents drawn from any 
point of 8' to 8 will divide this straight line in an involution 
whose double points lie on 8\ 

Prove also that the points of contact of the tangents 
drawn from these double points will lie on 8\ 

Let 8 represent -^ + tj — 1, and let 8' represent the 

director circle \ (a?* + y* — a' — J"). 
The discriminant of k8+ 8' is 

and therefore A = -^ri , ^' = X'{a* + V), 
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Therefore 0"-4©'A 

= -4-^ 
and ©' - i&®'A + 8 A* A' 



G+^) + «^I«('^' + ^") = ^5 






I 
t 
I 



and since this is homogeneous in all senses (when A, ©, 0\ 
A' are supposed to be of dimensions 3, 2, 1, ; 0, 1, 2, 3 ; or 
1, 1, 1, 1), it is the relation expressing the projective relation 
between the two conies, that quadrilateral can be circum- 
scribed to 8j such that the ends of two diagonals lie on 8'. 

In the case of a conic and its director circle, any such 
quadrilateral is a rectangle, the two diagonals intersect in the 
centre, and the third diagonal is at infinity; therefore in 
general the two diagonals intersect in a fixed point, and the 
third diagonal is a fixed straight line. ^ 

Any two tangents from a point on the director circle to 
the conic are at right angles, that is, divide the distance 
between the circular points harmonically, and the circular 
points are the points in which th^ line at infinity meets the 
director circle ; therefore in general the two tangents drawn 
from any point on 8' to 8 divide the third diagonal in an 
involution, the double points of which are the points in 
which the third diagonal meets 8'. 

At the points of intersection of a conic and its director 
circle 



-5 + ^,5 =1, or x* = 



9 J 



that is, they are the points where the directrices meet the 
conic, or the points of contact of the tangents drawn from 
the foci, which are also the points of contact of the tangents 
drawn to the conic from the circular points; hence, in 
general, the tangents drawn to 8 from the double points 
lie on 8\ 
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2. Prove that the normals drawn at diflFerent points of a 
^ small portion of a surface pass through two focal lines at right 
angles to each other. 

Deduce Gauss' measure of curvature at any point of a 
surface. 

If the part of a screw surface of uniform pitch be taken 
which is formed by one complete revolution of a generating 
line and the axis of this part of the surface be bent into a 
circle, prove that this part of the surface supposed inextensible 
will assume the form of a surface generated by the revolution 
of a catenary about its directrix. 

Normals along a line of curvature ultimately intersect ; 
hence if Gy C be the centres of principal curvature at the 
point of a surface (fig. 82), and if a small square PQR8 
formed by lines of curvature be drawn enclosing 0, then 
the normal planes through PQ and RS will ultimately pass 
through (7, and the normal planes through P8 and QR will 
ultimately pass through U\ and these planes will pass 
through the two focal lines AB^ AB\ which are parallel to 
the lines of curvature at 0; and therefore any normal 
drawn at a point near will pass through these two focal 
lines. 

li FQR'8' be the small square cut out on the unit sphere 

by the normals parallel to the normals to the surface along 

P'8' 1 P'Q' I 

PQR8j then It -p^ = - and It -p-^- = — , where p, p' are 

the principal radii of curvature at 0. 

Therefore It ti^p<^ = — ? » which is Gauss^ measure 

s,re£^PQR8 pp ' 

of curvature at the point 0. 

A screw surface of uniform pitch is generated by the 

motion of a straight line which intersects at right angles a 

fixed axis, about which it twists with an angular velocity 

which bears a constant ratio, - suppose, to the velocity of 

the point of intersection with the axis ; and therefore when 
the generating line has made a complete revolution, the point 
of intersection with the axis will have moved through a 
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distance 27rc, and a point on the generating line at a distance 
o* from the axis will have described a helix of length 

When this length 27rc of the axis Is bent into a circle 
of radius c, the helix will also be bent into a circle of radius^ 
V(o^ + c'j, and the generating lines will be be"nt into meridian 
carves on a surface of revolution. 

If y be the distance of a point from the axis of revolution^ 
then y = \/(<^* + c*), and the meridian curve Is therefore a 
catenary, of which the axis of revolution Is the directrix. 

In the screw surface if the axis be taken as the axis of z^ 
then the equation of the surface is 

^ = tan - : 
X c 

and therefore p= ^ .. , a = -^ — « , 

__ "Icxy _ o^ — y^ ^cxy 



Therefore Gauss' measure of curvature 

rl - s* c" 



In the catenary of revolution 






and therefore at corresponding points of the two surfaces^ 
Gauss^ measure of curvature is the same. 

a. Show how to find y as a function of x so that the value 
of the Integral 

may be a maximum or minimum, the form of y being given. 
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If a point move in a plane with velocity always propor- 
tional to the curvature of its path, show that the brachisto- 
chrone of continuous curvature between any two given points 
is a complete cycloid. 

Prove that in the ordinary gravitation brachistochrone 
(which is also a cycloid) the velocity is inversely as the cur- 
vature of the pAth, and state the connexion between .the two 
results. 

Take the Intrinsic equation of the curve between p and -^j 
•^ being measured from the line joining the points. 

Then if V = — , we must have 
P 

[ds C da 



'-/?=>f-/^^^. 



a minimum, subject to the condition that /p cos'^rf^ = a, 
the distance between the given points. 

We must therefore make vthe variation of I Vd^ due 

to the variation of /o and of the limits vanish, where 



F=/3' — X/o cos-^. 

S [^^ Vdf 

hi 



Now 

'^2 dV 



-Kdf^.'V.dir,+j^''^^^ 

since FIs a function of p and yfr only^ 

dV 
Therefore --j- = 0, or 2p — \ cos^ = 0, and the curve is a 

cycloid. 

Also F^ = and F2 = 0; therefore p, = and P2 = 0, and 
the curve must be a complete cycloid. 

In the ordinary cycloid, when a gravitation brachistoch- 
rone, the velocity Is proportional to the square root of the 
distance from the base of cycloid, that Is proportional to the 
radius of curvature, or inversely proportional to the cur- 
vature. 
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In the two cycloids the velocities are inversely propor- 
tional, and therefore the action in one cycloid corresponds to 
the time in the other ; one cycloid will be a brachistochrone 
for a system of forces, while the other cycloid will be a free 
path under an associated system of forces. 

(Tait and Steele, Dynamics of a Particle^ §§280, 281). 

^. Show that if any portions of a frictionless liquid 
have motion differentially rotational, that property remains 
associated with those portions of the liquid; and that the 
spaces occupied by such portions, unless they terminate In 
the free surface, are necessarily doubly-connected spaces. 

• 

(Helmholtz, " Vortex Motion," PMl ilfa^'., 1867; Thomson, 
"Vortex Motion," Trans. R. S. E.^ vol. 25). 

When the motion of any portion of a frictionless liquid 
is such that it could not have been produced by fluid pressure 
transmitted through the portion from the boundary or sur- 
rounding liquid, the motion is called rotational. 

The ordinary equations of motion of a frictionless liquid 
are 

Du_^dP Dv^^dP Dw dP 

dt dx^ dt dy^ dt dz^ 

where P= F+ [-^ . 

J P 

Therefore -y [uhx 4- vhy + whz) 

Dhx JDSy JDSz Du ^ Dv ^ Dw ^ 

=^^-^^ dh^'^-^iTt^^-dt^y^irt^ 

^ ^ dP ^ dP\ dP ^ 
= uou-\- vov -\' wow ^-j- dx " ~j- dy — j- dz 

ax ay az 

Hence by integration round any. closed line 

-r J{ttdx + vdy + wdz) = 0. 
ai 

EE 



=(: 
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Therefore, if the line integral of the tangential component 
velocity along any closed curve be called the circulation 
in that line, the circulation in a cloeed line moving with the 
fluid is constant during the motion in a frictionless liquid, 
and if the motion is irrotational^ the circulation is zero round 
all mutually reconcilable paths. 

By analogy with the rotation of a rigid body, the com- 

Sonent rotation of the fluid in any plane at any point is 
efined as the circulation round any infinitesimal area in the 
plane enclosing the point divided by twice the area. 

The circulation round the element dydz at the point 
{xyz) i» 

vdyi- |Mr+ -^ dy] dz— Iv -\- -^ dzj dy — wda 

^dw <fo\ , , 

and, therefore^ the component rotation in the plane yz is 
M 77 " Tt) ^ *^^' similarly, the component rotation in the 

. . - (du dw\ J . xi_ 1 -1 f<^^ du\ 

plane .a, i8i^^-^j,andmthe plan* <ryi8i(^^-^j. 

Since the circulation round any triangular area is the 
sum of the circulations round the projections on the co- 
ordinate planes, the composition of rotations is according to 
the vector law. 

Hence, in any infinitesimal part of the fluid the circulation 
is zero rouad every plane curve passing through a certain 
line, the resultant axis of rotation at that part of the fl^uid. 

But the circulation remains aero in every closed line 
moving with the fluid for which it was once zero, hence the 
vortex lines move with the fluid. 

A vortex line being endless, a vortex tube bounded by 
vortex lines is also endless, and therefore forms a doubly 
connected space, unless it is infinitely Long or terminated in 
the free surface. 

5. A rigid body moveable about a fixed point is in stable- 
equilibrium under the action of a potential such that the work 
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required to move the body through a small angle to about an 
axis whose direction cosines with respect to the principal axes 
at the fixed point are l^m^n is 

i®' (P? + ^* + i2n* + 25mn + 2 TnZ + 2 J77w). 

Prove that if the body be slightly displaced It will perform 
oscillations compounded of harmonic oscillations about the 
common conjugate diameters of the momental ellipsoid at 
the fixed point 

and of the ellipsoid of equal energy 

In the particular case when gravity is the • acting force, 
prove that the surface of equal energy is a right circular 
<jylinder the axis of which passes through the centre of gravity, 
and hence determine the independent motions of the body. 

If (osyz) be the coordinates at the time t of the point 
of the body originally at (aic)^ the principal axes of the body 
in the position of equilibrium being taken as coordinate axes, 
and if 

then since the displacement is small^ to the first order 
we have 

a; = a + ^v - Cfiy • 

aad, therefore, -| = S-J:-c^..., 



and 



K^w-'^)^ 
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If U be the work required to perform the displacement 
'' position of equilibrium 

Doment of the impressed forces about the axis of x 



ifore the equation of motion will be 



motion will consist of a Eimple harmonic oscillation 
I axis whose direction cosines are {f, g, k) if these 
s are satisfied by 

'coa[^( + 2), n=g&>s{pt + q\ v = h C08{pt-\-q), 

Pf+Vg+Tk^AJp; 

U/+Qg+8h=Bgp\ 

Tf-t8g + Rh=Chf; 

'+Ug+Th _ Vf-^ Q g+8h _ Tf+Sg-^M ^ , 
Af ~ Bg CA ~P ' 

if (,fgh) be the direction cosines of a common 
te diameter of the momental ellipsoid and the ellipsoid 



arbitrary displacement will give rise to oscillations 
ided of simple harmonic oscillations about the three 
1 conjugate diameters of the two ellipsoids as normal 
id the period of each will be proportional to the ratio 
ommon conjugate diameters of the ellipsoids. 
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In the case of gravity, no energy is required to turn the 
body about the vertical and the same amount pf energy 
is required t6 turn the body through the same angle about 
any horizontal axis; hence the ellipsoid of equal energy 
becomes a right circular cylinder with its axis vertical. 

The normal axes are therefore the vertical and the 
common conjugate diameter of the sections of the cylinder 
and the mom.ental ellipsoid made by the plane which is 
conjugate to the vertical, and any small oscfllation will be 
compounded of harmonic oscillations about these common 
conjugate diameters. 

vi. Explain the variation of the inclination and the irre- 
gularity in the motion of the moon's node expressed by the 
second of the following terms in the mpon's latitude 

k.sm{g0 - 7) + f mi. sin {(2 -2m-g)0''2fi +y}. 
(Godfray, Lunar Theory^ § 80). 

7. It is found by observation that the mean annual pre- 
cession is about 50". Hence prove that the deviation of the 
instantaneous axis and of the axis of resultant moment of 
momentum of the earth firom the axis of figure is less than 
0"-01. 

Neglecting this deviation prove by considering the motion 
of the axis of resultant moment of momentum the equations 

— = -^r— . 7y — COS^ (1 — C0S2fl, 

at 2n U " 

d0 3ri'" C-A . ^ . ,, 

.-_ — — —— . — J- — sm^ 8in2L 
at 2n O ' 

where ^ is the precession, the obliquity of the ecliptic, 

Sn'* 

~7r {(^^^) sin 28 the moment of the sun's attraction, S the 

declination, I the longitude of the sun, and Cn the angular 
momentum of the earth. 

Prove that if the mass of the sun be divided into two 
equal parts, and placed on the polar line of the ecliptic at 
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distances from the centre of the earth equal to the mean 
distance of the sun, these two parts supposed repulsive will 
produce twice the mean solar precession, the centre of the 
earth being supposed fixed. 

In the same manner if the mass of the moon be uniformly 
and equally distributed over two thin rin^s, the central lines 
of which are the circles which are the intersections of the 
polar lines of the lunar orbits with a sphere concentric with 
the earth of radius equal to the mean distance of the moon, 
then these two rings supposed repulsive will produce twice 
the mean lunar precession. 

If a be the inclination of the instantaneous axis to the 
axis of figure, and if a be the obliquity of the ecliptic, then 

sino) _ 366 x 360 x 60 x 60 
sin a 50 

The mean value of o) is about a quarter of a right angle, 
and with this approximation 

= *35 about. 



2 (V2) 

Since the angle a is small, if it be expressed in seconds, 

360x60x60 . 

a = ^ sma 

27r 

50 sin Q) 



2'3r X 366 

50 X 7 X '35 
44 X 366 

122-5 



(taking w=V) 



16104 



= -008 about. 



The earth being a spheroid of revolution flattened at the 
poles, its momenta! ellipsoid is an oblate ellipsoid of revolu- 
tion, and therefore the axis of resultant moment of momentum 
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lies between the instantaneous axis and the axis of figure, 
and the deviations of these three axes are less than 0"-01, 
and therefore quite insensible. 

If on the celestial sphere (fig. 83) ^ be the pole of the 
ecliptic, G the polie of the earth, 8 the direction of the sun, 
and if 8N be drawn perpendicular to the equator, then the 
axis of the couple due to the sun's a^ttraction is directed to g^ 
a point 90** behind N. 

In the figure, the eye is supposed to be at the centre 
of the earth, and to be looking at the concave side of the 
celestial sphere. 

1{ Our represent the axis of resultant moment of mo- 
mentum, then the velocity of O is equal to the impressed 
couple in magnitude and direction; and therefore since 
OG may be taken as coincident with the axis of figure, 

Cn sine -^ =^^n^[G-'A) sinS cos8 sinJK 

= 3»'* ((7— -4) sin^ sinZ cosS slnJS 
^W{G-A) sine cos^ mi'l 
= |w"((7-J[) sine 008^(1 -C0S2Z), 
d^ 3n'* G-A .. ^^ 

and Cn^ = - Sn'^ ( G- A) sin 8 cos S cos JR 

= -3n'"(C-^)sinScosZ 

= - 3n" {G-A) sin 6 sin I cos f, 

dd 3n" G-A . ^ . ,, 
or -r =— ..— — 77— sme sm2t. 

dt 2n G 

If the sun be divided into two halves and placed on the 
polar line of the ecliptic at the mean distance of the sua 
from the earth, the moment of these two masses, supposed 
lepulsive, will be about (?T, and of magnitade 

K(C-^)sia2e, 
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and the equations of motion will become 

dylr Zn'^ 0-A . . dd ^ 

-r- = 7^ — cos^ and -^ = 0. 

at n V at 

Hence = co^ the mean value of the obliquity of the ecliptic, 
and the precession is twice the mean solar precession. 

In treating of the lunar precession and nutation, the 
fortnightly fluctuations due to the position of the moon in its 
orbit are neglected, and the fluctuations due to the change of 
position of the moon's orbit only are considered. 

Hence, if in a similar way the moon be replaced by two 
masses of repelling matter, each of half the mass of the 
moon placed in the polar line of the moon's orbit, the pre- 
cession and nutation generated will be twice the lunar 
precession and nutation, and if these masses be uniformly 
distributed over {he circular rings, they will produce twice 
the mean lunar precession. 

viii. Prove that the equation for the variation of the 
long'itude of perihelion of a disturbed planet is 

d'sy na \/[\ — e*) dR na tan^i dR 
dt fie de fi \/[\ — ^) di ' 

(Cheyne, Planetary Theory^ §29). 

ix. Investigate the differential equation for the longi- 
tudinal vibration of an elastic rod to which no forces are 
applied except at the ends. 

Determine the solution for the case of a rod free at both 
ends ; state the conditions for the existence of a node at the 
middle point, and hence deduce the periods of the component 
tones of a rod fixed at one end and free at the other. 

(Donkin, Acoustics^ § 149—151, 153, 157, 158). 

7. Point out the fundamental distinction between the 
rotation of the plane of polarization of light produced by 
turpentine or quartz, and that produced by a transparent 
solid or liquid m the magnetic field. 
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Show that the experLoiental facts are represented by 
equations of the form 

^""^ d^^^dFd^'' ^"^ d^'"" dz^'^dfdz" 

where, for turpentine or quartz, r is even and s odd ; and for 
the bodj in the magnetic field r is odd and s even. [Here 
f and 17 are displacements perpendicular to each other^ and 
to «, the direction of the ray.] 

In turpentine and quartz, where the rotation of the plane 
of polarization depends on the nature of the medium, the 
reversal of a ray reverses the direction of rotation of the 
plane of polarization. 

In the magnetic field, the rotation of the plane of polari- 
zation remains the same when the ray is reversed. • 

Any incident plane polarized ray can be resolved into 
two equal rays, circularly polarized in opposite directions, 
and it is found by experiment, that in media which produce 
rotatory polarization, the two rays similarly polarized in 
opposite directions are propagated with different velocities, 
and therefore with different wave lengths, since the time of 
vibration is the same. 

Representing the ray which is circularly polarized in one 
direction by 

f = &cos27r^^-|j, fl7=»&sin2'3r^^-.|.^, 

and similarly 

Substituting in either of the differential equations we 
obtain 

4w* 4irV /27rV/27rV . , ., 



FP 
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Writing a T for \ in the coefficient of e^ since e is small, 
4^V 47r* e f2ir\^' 



and to the same order 

Bepresenting the ray circularly polarized in the opposite 
direction by 

f=.&cos2'3r^-^- —j, i7 = -&8in27r^^-~j, 
we obtain in a similar way 

The resultant vibration at any point will therefore be 
represented by 

f = J cos2,r (i - 1) +b co82,r(|,- J) , 
, = 68m2^(|v-|;)-&8m2,r(|,-|,), 

and therefore -z = tan^r I—, - r ) • 

Therefore the rate of rotation of the plane of polariza- 
tion is 



If r + « is even, sin(r + 5)^'3r is zero, and there is no 
rotatory polarization. 

If r is even and s odd, then the rotation of the plane of 
polarization changes sign with a the velocity of light, repre- 
senting the eflFect of turpentine or quartz. 
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If r is odd and s even, then the rotation of the plane of 
polarization is unaltered by reversing the ray, representing 
the state of things in the magnetic field. 

S. Form the equation for the conduction of heat in a bar, 
on the supposition that the temperature is the same through- 
out a transverse section, and that the rate of loss by surface 
radiation and convection is, at each point, directly as the 
excess of temperature over that of the surrounding medium. 
Point out the dimensions of the various quantities introduced. 

Integrate the equation completely in the two following 
cases, where the bar is very long, and is supposed to be 
heated at one end 

(a) periodically, supposing the conductivity, specific heat, 
density, &c. unaltered with temperature, and the temperature 
of each transverse section a periodic function of the time, 

(6) steadily, supposing the conductivity inversely as the 
absolute temperature, density, &c. unaltered with tempera- 
ture, the surrounding medium at absolute zero, and the flow 
of heat steady. 

Let c be the thermal capacity per unit of volume ; A;, h 
the coeflScients of interior and- exterior conductivity per unit 
of area ; v the temperature at the distance x from the origin ; 
A the sectional area; and I the perimeter of the sectional 
area. 

The quantity of heat which enters the element dx of the 
bar in the time dt from the adjacent parts of the bar is 

-j-(Ak-^\dxdty and the loss of heat from the surface in 

the same time is hlvdxdt. 

The increase in the quantity of heat in the element dx 

in the time dt is -j {Acv) dtdx. 

Therefore, equating the gain and loss of heat, we obtain 
the equation 
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If [L] be the unit of length, [T] the unit of time, 
[0] the unit of temperature, and [-flj the unit of heat, 

the dimensions of k will be t-^t^^h , of h will be tttttv^ » 

LLi(yJ \ If 1^1 

and of c will be ^TiiJ.^ (Maxwell, Theory of JEhat^ Ch. XVlll.)* 

[a) If A^ c, A, Jcj I be constant, the differential equation 
may be written 

where K=^ - , 5"= -r- . 

We must assume as the general integral of the equation 
t; = r+ sr ^„6-^"* cos (27m ^- y,a; 4- /3,) , 

where Tis the period and V is the mean temperature. 
Substituting in the equation we must have 

These equations determine j?^ and y^, and -4^^ and 15^ are 
determined from the given circumstances of heatmg. 

{b) The differential equation reduces to the form 

d /I dv\ «_/v 
dx \v dx) a * 

where a is a constant. 

Let vs=--^ , then ^ is the area of the curve representing 

the temperatures, and the differential equation becomes 

d^v 1 



» ■" ^ > 



dif>^ a 
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and, therefore, 

Hence ^ can be found in terms of x and then v^-^ . 

xii. When a substance is melting at the absolute tem-^ 
perature t under pressure j9, if Z be the latent heat of Aision, 
and u^ u! the volumes of unit of mass of the substance corre- 
sponding to its liquid and solid states, prove that 

where / is the dynamical equivalont of heat. 

Show how J. Thomson's discovery of the dependence of 
the temperature of fusion of ice on pressure is connected with 
this relation. 

(Briot, Thiorie mScantque de la chaleur^ §§ 127- 129). 
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Prof. Tait. Boman nnmbers. 
Mr. Wright. Arabic numbers. 



1. FOEM the equation 



d^rSr) fi , ^. dB ^ rdB 



dt 



for the perturbation in radius vector of a planet. 

Integrate this equation so as to obtain a first approxi- 
mation to Br. 

Explain why this and the similar equations for longitude 
and latitude cannot be employed with advantage in the 
calculation of secular variations or of long inequalities.. 

(Cheyne, Flcmetary Theory^ §112). 
ii. Assuming the equation 

///(i + 1 -^ S) ^^yd'-ilm^^^n^ds, 

where Z, w, n are the direction-cosines of the outward-drawii 
normal to the element da of the surface of a closed space 8^ 
throughout which and over whose surface the integrals are 
taken, prove Green's Theorem; and show how to adapt it 
to the case in which one of the potentials is many-valued, 
and 8 is multiply-connected. 

Hence show that the whole exhaustion of jpotential energy 
of any number of gravitating particles^ origiijially scattered at 
infinite distances from each other, is 



t jjj^'^^y^, 
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where F Is the resultant attraction on unit mass at a?, y<i Zy 
and the integral is taken through all space. 

Assume first 

therefore 

MdUdV djUdV dUdV\^^^ 
dx dx dy dy dz dz ) ^ 



dy dy 

,dV dV dV\ , 

dx dy dz J 

'd^V d'V d^V 



-IK 

Next assume 

then 

[(((dUdV dUdV dUdV\^^^^ 
JJJ\dx dx dy dy dz dz J ^ 



i-j — hwt -J- +n —y- ]a» 
ax ay as / 



WKiM + ^« -^ -d^)^^y^ (^)^ 

and comparing (1) and (2), we obtain Green's Theorem. 

If V be many-valued and 8 multiply-connected, the 

. . dV dV dV . 
quantities ^ , -j- , --. will have definite values at all 

points within 8] the expressions in equation (1) and on 
the left-hand side of equation (2) will have definite values, 
but the expression on the right-hand side of equation (2) 
will be many-valued. 

If the space 8 has n cycles, it must be rendered a-cyclic 
by drawing n diaphragms. 
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If 8^ be a diaphragpi and h^ its cyclic constant, then 
to the right-hand side of equation (2) a series of terms of 
the form 

, rrr.du du . dU\j. 

^^]]v^-^'^'^-^''-din 

must be added to make Green's theorem determinate. 
(Thomson and Tait, Natural PAtZos^Ay, §§ 548, 549). 



iii. Write down the equations of motion of a connected 
system in terms of generalized coordinates,, and point out the 
meanings of the various terms. 

Solve these equations for a number of bodies, each of 
which has but one degree of freedom, and vibrates (when 
undisturbed) at a given rate according to the simple har- 
monic law, the connections being supposed slight. 

Apply your result to the case of the small motions (in 
the magnetic meridian) of two permanent bar-magnets of 
equal mass suspended each by its extremities, by parallel 
strings, all four of equal length, from noints in a nprizontal 
line. Show as a particular case that if one of the magnets 
be initially at rest the whole energy will in time be com- 
municated to it. 

If the kinetic energy T be expressed in terms of the 
generalized coordinates j, and their rates of increase per unit 
of time ^, then Lagrange's equations of motion are of the form 

d dT dT jp 
dt dq dq 

~p- is the generalized component of momentum, and -=- 

is the rate of increase of the kinetic energy per unit of 
length in the direction of the coordinate q. 
For the given system of bodies 

r^i([a,a]^+2[a,&]6^^4[&,J]^*+...), 
and the potential energy 

^=i ([«, «] 6* + 2 [a, /3] 0<l> + [/3, fi] ^» +...), 
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and therefore the equations of motion are 

[a, a]d + [a, J] ^ +...= - [a, a] - [a, p] ^ — ... 

« 
Since the connexions are slight [a, a], &c. and [a, a], &c. 
are considerable compared with [a, 5], &c. and [a, p], &c. ; 

also Mn =^1** &c., where w,, &c. are the ant^ular velocities 

i. .h^iortea h.™„nie „.W 

To solve the equations, assume 5 = J[ sin (\^ + 5), &c., 
substitute in the equations ' and form the determinant| the 
roots of which will give the different values of X. 

Let 2a be the distance between the magnets in equi- 
librium if they were demagnetized ; x^ f their displacements 
at time t ; /i the strength of each pole ; 



where I is the length of the strings, and the magnets are 
supposed so long that only the two contiguous poles act 
on one another. This simplifies the work, but does not 
alter the character of the result. 
Hence, the equations of motion are 



Adding, _ (i + i) = _ | (a; + f ) + &c. 
Sabtrar.ting, 



(1). 



...(2). 



GO 
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Making x and ^ constant in (1), we get their eqnilibriam 
values; and measuring x and f firom these, (2) become 



Thus, if 






(»). 



n. 



Z ^ 2a'M' 



we have 



(4).- 



«+ f = -4 cos(wf + 5) ) 

a5«f = -4, cos{n,fH-5,)j 

(It depends upon whether the proximate poles of the magnets 
attract or repel one another whether n or n^ is the greater). 

Now if at t = we have { = 0, | = 0, we mmst hare at 
time tj x = Oj i = 0, which is the statement. 



w, — w 



In fact} if the magnets be swung as one piece at their 
equilibrium distance from one another, the time of oscillation 
will be the same as that of either pendulum when left to itself, 
since the magnetic force does not vary during this motion. 

Again, if the magnets be swung with equal and opposite 
motions, the centre of inertia is fixed, and the time of 
oscillation will be the same as if one of the magnets were 
held fixed and its magnetic strength doubled ^ it will therefore 
be shorter or longer than the former period according as the 
poles presented to one another attract or repel. 

Hence, as the small nkotions can. be represented separately 

by harmonic motions of periods — and — , the period of 



n 



n. 



any complete oscillation produced by superposition of these 
simple motions will be , and therefore at intervals 



«^— w 






the configuration ol the magnets will be the same to a 
spectator who changes the side from which he regards them 
in successive intervak. Thus, if one magnet were originally 
at rest, the two will alternately be reduced to rest. 
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4. Prove that to every surface harmonic of order % there 
correspond two £W)lid harmonics of degrees i and - (»+ 1) 
respectively. 

Show that a surface harmonic distribution of density a-^ 

over a sphere of radius a gives rise to a potential , , ., x ' i-t 

\M + 1 j a 

at all points inside the sphere and a potential . . J^^ at 

all points outside. 

Show how to determine the form of a series of spherical 
harmonics expressing a function which has any arbitrary 
value over a spherical surface. 

(Thomson and Tait, Natural Philosepktf^ Appendix B., 
A, r, «, § 536), 

5. Form the equations for the transverse vibrations of a 
stretched string, ohow how to solve the equations when 
the initial circumstances are given. 

' In the case when a stretched string of length I is set in 
vibration by a transverse displacement A of a point at a 

distance — from one end, show that the disturbance at the 

time t is given by 

. rir 
^, J, sm — 

2hm „« m . nrx nrat 
Si — -3— sm-y—cos-^— . 



(Donkin, AcausticSy §§ 99, 100). 

6. A pencil of light, which originally came from a single 
luminous point and is converging to a focus, falls directly 
on a screen in which is a small hole 9 prove that the in- 
tensity I of illumination at any point f , 1^ of a parallel 
screen which passes through the focus of the pencil is given 
by the equation 
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the integrations extending over the area of the hole, B being 
the distance between the screens. 

I _ ■ 

(Airy, Unduhtory Theory of Optics^ § 80). 

vii. Show that the velocity of propagation of oscillatory 
waves of very small elevation, in a liquid of practically in- 
finite depth and without surface-tension, is a /(f- ) > where 

\ is the wave-length. 

If there be smface-tension T, and if p be the density of 
the liquid, show that the velocity is given in terms of the 
wave-length by the equation 

, 7\ 27r T 
27r \ p 

H^nce show that waves are propagated in a liquid mainly 
by gravity if longer than, ana mainly by molecular forces 

if shorter than 



'-Ai)- 



Let <^ denote the velocity function; taking the axis of 
X in the undisturbed surface and drawing the axis of y 
vertically downwards, 

neglecting the square of the velocity since the motion is small. 
The equation of continuity is 

dx^^ df ' 
and, therefore, 

4> = '2A^e^ cos [nt — mx\ 

and X7+ - =^y + ^nA^e^ sin {nt — 9wa;). 

At the free surface Cp-\^p is the excess of the pressure 
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in the liquid over the atmospheric pressure due to the 
curvature and tension of the surface. 

If y^ denote the vertical displacement of the free surface, 

the curvature is -^ approximately ; and, therefore, at the * 

free surface 

p dx* p 

.=*5'yo+Sn^^sin(7i«-7n») (1), 

putting y = in the exponential terms. 



Since J^= -^,wheny = 0, 



dt dy 

= — ^mA^ cos (w^ — ma^ ; 



m 



therefore y^ = — 2 — u4^ sin {ni - two?), 



n 



and -^ = 2 — u4^ sin {M - m^. 

dx w " ^ ' 

Substituting in equation (I), we must have~ 

wT m 
np n^ ^ 

w* a mT 
or =^+ — . 

m m p 

T» X 27rt; 27r 

i3ut n = -r— , 7n = — ; 

A* At 

therefore t?'= --- + -r . 

27r \ p 

At the limit between waves and ripples 

0, 



rfv*^ 5r^_2^ r_ 



dK 2ir \* p 
and therefore 



-V(i) -^ •'= V(f ) 
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8. If k be the elasticity of volume and n the rigidity of 
an elastic isotropic substance, prove that Young's modulus 
of elasticity, that is the longitudinal elasticity of the sub- 
stance when there Is no lateral constraint, is ^ . 

' 3k + n 

If a cylindrical beam originally straight be bent in a 
plane, prove that the bending moment across a normal 

section is — , where p Is the radius of curvature of the 

P 
mean fibre, I the moment of inertia of the normal section 

about the axis through the centre perpendicular to the plane 

of flexure, and E is Young's modulus. 

If the beam be supported at its ends by two props In the 

same horizontal line, prove that the deflection of the middle 

5Wa^ 
point below the ends Is „, , where W Is the weight and 

2a the length of the beam. 



(Thomson and Tait, Natural Philosophy^ §§ 682, 683), 

If the beam be uniformly curved by a properly applied 

f(tress-couple at Its ends, the fibres of the beam pari^el to 

the axis will be bent Into coaxal circles. 

If X be the distance of the fibre from the straight line 

through the centre of inertia of a cross section of the beam 

perpendicular to the plane of flexure, then p-\'X \& the radius 

of curvature of the fibre when bent, and therefore - is the 

P 

longitudinal strain. 

If dA be the cross section of the fibre, then neglecting the 
lateral influence of the adjacent fibres, the tension \a E - dA^ 

r 

and the moment of these tensions, balancing the applied 

couple at one end, is — Jx^dA = — . 

Take the middle point between the props as the origin, 
the axis of x horIzontal| and measure the axis of y vertically 
downwards. 
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The deflection of the beam being small, the curvature 
may be put equal to — ^ . 

The bending moment across the section at a distance x 
from the origin is 

W 

Therefore EI^ = ^[o^- o"). 

Integrating -^^ ^ = ^ (K " «*'")» 

and Ely = ^ [^ (a:* - a«) - K {^ " «*)}r 

mnce ,- =0 when a: = 0, andy = when aj = a, 

Putting a; = 0, the deflection of the middle point of the 
. . 5 W 

ix. Show that the potential, a, and the current-ftinction, 
^, in a uniform condnctmg plate, satisfy the equations 

dx' '^ df^ ' da?^ df ~ 

Show that the renatance of the portion bounded by a„ a,f 
^„ ^, is as 



a, -a. 



and that the heat deyeloped in it by resistance is in unit of 
time as (a, - a J (^, - /SJ. 

As a particular case, show that if electrodes be attached,- 
at any two points, to an infinite plate, the resistance of the 
plate will be doubled if it be cut down to a circular disc of 
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any radius whatever, provided Its edge passes through the 
centres of both electrodes. 

The potential-function a is such that the excess of its 
value at one point over its value at another point is the 
electromotive force acting from the first to the second point 
along a conductor joining the points. 

The currept-function 13 is such that the excess of its value 
at one point over its value at another point is equal to the 
current which flows across any line joining the points, from 
right to left to a person at the first pomt looking at the 
second point. 

Hence, if B denote the resistance of the conducting plate 
per unit of area, 

— = 5— and — = -5— • 
dz dy^ dy dx^ 

and, therefore, ^ "^ 5y = ^' 

do? dy^ 

The resistance of a conductor is measured by the electro- 
motive force divided by the current. 

In the portion bounded by a,, a^, /S^, /S^, the electromotive 
force is a, — a,, and the current is /S^ — p, ;. hence, the re- 
sistance is o _ Q • 

The heat generated is proportional to the work done by 
the current, which in unit of time is equal to the product of 
the current and the electromotive force; hence, the heat 
generated in the unit of time is proportional to (ai— aj)()8j— /S,). 

For a single electrode at the origin the current-function 

would be tan"^-; and, therefore, if the coordinates of the 
electrodes be (± a, 0), we must put 

/8=:tan-' -J? tan"' -^ . 

x — a X'\-a 

The lines of flow are therefore circles passing through 
the electrodes, and the current in a part of the plate bounded 
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by two lines of flow is proportional to the angle at which the 
lines of flow interseet at an electrode. 

If the plate be cut dowji into a circular disc passing 
through the electrodes, half the lines of flow are cut away, 
consequently the resistance of the remaining part is doubled. 

X. Investigate the magnetization of an ellipsoid of soft 
iron in a uniform magnetic field. 

Prove that when, as in iron, the magnetic susceptibility is 
30 or upwards, the intensity of magnetization in a sphere, 
and still more in an oblate ellipsoid of revolution (when the 
lines of force of the magnetic field are parallel to its axis), 
is nearly the same as if the susceptibility were infinite ; but 
that in a very long prolate ellipsoid of revolution it is nearly 
proportional to the susceptibility. 

(Maxwell, Electricity^ §§ 437, 438). 
xi. Show that the equation 

J + 2A ^ + n'a; = n«P(l + 22,* co^ipt), 

in which i has all positive integral values, and h is less than 
w, represents cycloidal pendulum motion, with viscous re- 
sistance, under the action of an infinite series of equal im- 
pulses (in the same direction) succeeding one another at 

intervals of — . 

P . . 

Integrate this equation; and, by comparing the result 

with that obtained by treating the problem for each impulse 

separately from an epoch so distant that the motion has 

become independent of the initial circumstances, show that 

1 ^ (n^ — t^p^) co%ipt-\-'^ikp fmipt 

""S • 1 1 ^ *i 2\2 \ A "i JiTsS 

n [n —ip) +^ipk 

( _2'rrk 27rnA . . _2*»r* .. 27rw, 
1 — 6 T cos ' B\nn,t-\'% p sm ^ cosw,i 

pn^ ^ _ ^2nrh 27rn^ .i^fc ' 

^ ^ l-2s ~ cos * + e p 

P 

27r 
where n^ = \/{r?—h^)^ and t lies between and — . 

HH 
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The force represented by the series 

and therefore in the limit when e = l, the force is zero ex- 
cept when cos^^= 1, when the force is infinite. 

The momentum generated by the force during an interval 

27r 
of time — 

p 

= n*P\' (1 + 22r coaipt) dt = ^ P; 

Jo P 

and, therefore, the first equation represents cycloidal pen- 
dulum motion with viscous resistance, under the action of 

27m*P 
impulses in the same direction, of magnitude , sue- 

ceedinff one another at intervals of — . 

P 
The symbolical solution of the equation, neglecting the 

complementary function, which depends on the initial cir- 
cumstances, gives 

_ ,p (l + 22r costye) 



^ ^^(|-2A| + n»)(l + 22rcost>0 
If we solve the differential equation 
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supposing the motion to have been originated at the time 
^ = by an impulse P, the solution will be 

27m' _ . 
0/ = Ire sinrz.r. 

Similarly the motion due to the preceding impulse which 

took place at the time '- will be represented by chang- 

ing t into ^ -f — Is the last expression ; and so on for all the 

impulses which have taken place. 

The resultant motion due to the infinite series of im- 
pulses that have taken place will therefore be represented 
by putting 

X = P2*e ^^^^^ smw, U-h — ) 

pn^ \ P J 

= ^Pe-'UCBmn,t'{-8cosnJ) (2), 

P^i 

where • 0=2? e F cos ' , 

o = S!^e p sin *• 

P 

Now a+/SV(-i) 

1 



S-JT 



1 



_r>rfc 27m, ,, ^v _?2!? • 27m. 
l-eT-cos i-V(-l)e p sm * 

.2ir» 27m, . .f ^x -«[* . 27m- 
l-e~cos i + V(-l)« p ^^ — r 

e P , 



a-ir* 27m, .43E* 

l-2c*"T'cos ^+e p 
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and therefore 



1 — e T cos ' 



(7 = 



^ _2ir* 27rw, _42:* ' 
1 — 2e"?"cos * + e i> 



_V7rh , 27r«, 

e p sm 



iS = 



^ 



_2irfc 27r«, _4'n'* 

1 — 2e T" cos ^ + 6 1' 



Comparing equations (1) and (2) we see that the last 
equation of the question holds, provided t be restricted to 

lie between and — . 

The equation might also have been established by proving 
that the left-hand side is the expansion by Fourier's flieorem 
in a series of sines and cosines of multiples of pt of the right- 
hand side 

27r 

— e"** ((7 sm7i,^+ S cosw.O- 



THE END. 
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revised Edition. 5^. 

CICERO— THE SECOND PHIIiIPPiO ORATION. From 
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Felloir of St John's Collie, Cambridge, and 
I of Latin. Satires X. and XI. 3/. Satires XIL— 
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The fiUowing an inpreparaHon : — 

iESCHZNBS-ZN CTESZPHONTEM. Edited by Rev. T. 
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of Aristophanes, &c. 
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T. Gwatkin, M.A., late Fellow of St. John's CoU^e, 
Cambridge. 
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BAOGHAB. Edited by E. S. Shuckrurgh, M. A., Assistant- 
Blaster at Eton College. 
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PLAUTUS— MILBS GT.ORIOSVS. Edited by R. Y. Tyrrell, 
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Selected and, Edited by H. F. G. Bramwbll, B.A,, Junior 
Student of Christ Church, Oxford. 

TACITUS— THE HISTORY. Books I. and II, Edited by C. 
E. Graves, M.A. 
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Classical Lectuzer, and late Fellow of St. John's College, 
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and Notes, by A. O. Prickard, M.A., Fellow and Tutor of 
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IE POLITICS. Translated by J. E. C. Welldon, U.A., 
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ne, with Introdnction, NeMs, and Appendices, hj B. -H. 
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JE IN SCHOOLS AND COLLEGES. By JoHM 
UART Blackie, Professor ot Greek in the UniTersity of 
Inbui^h. New Edition, Fcap, Svo. "as. 6d, 
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OlMaDSTONB— Works by the Rt Hon. W. E. Gladstone, M.P. 
JUVENTUS MUNDIi or, Gods and Men of the Heroic 
Age, Second Edition. OrasnijSvo. lOf. 6</. 
THE TIME AND PLACE OF HOMER, Crown Svo. 

A PRIMER OF HOMER. l8mo. ». 
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GOODWIN— Works by W. W. GOODWIN, Professor of Greek in 
Harvard University, U.S.A. 

SYNTAX OJi THE MOODS AND TENSES OF T^E 
GREEK VERB. New Edition, revised. Crown Sto. 

AN ELEMENTARY GREEK GRAMMAR. New Edition, 
revised. Crown 8vo. 6s, 

" It is the best Greek Grammar o£ its sixe in the English language."— i 
Aihenaum. 

GOODWIN-^ TEXT-BOOK OF GREEK J^HILOSOFHY, 
based on Ritter and Preller*s "Historiae Philosophiae 
Graecae at Romanae." By Alf.red Goodwin, M.A, Fellow 
of Balliol College, Oxford, and Professor of Greek in 
University College, London. 8vo. [In preparation, 

GREENWOOD— T:^^ ELEMENTS OF GREEK GRAM- 
MAR^ indnding Accidence, Irr^[ular Verbs, and Principles of 
Derivation and Composition ; adapted to the System of Crude 
Forms. By J. G. Greenwood, Principal of Owens College, 
Manchester. New Edition. Crown 8vo. 5^. 6d, 

HBBODOTUS, Books 1. —111.— THE EMPlkES OF THE 
EAST. Edited, with Notes and Introductions, by A. H. 
Sayce, M.A., Fellow and Tutor of Queen's College, Oxford, 
and Deputy-Professor of Comparative Philology. 8vo. 

[In preparation. 

noi>anOK -MYTHOLOGY FOR LATIN VERSIFICA- 
TION. A brief Sketch of the Fables of the Ancients, 
prepared to be rendered into Latin Verse for Schools. By 
F. Hodgson, B.D., late Provost of Eton. New Editi<»i^ 
revised by F. C. Hodgson, M.A. i8mo. js. 

UOM^U—THE ODYSSEY. Done into English by S. H. 
Butcher, M.A., Fellow of University College, Oxford, and 
Andrew Lang, M.A., late Fellow of Meiton Coll^fe, 0*ford. 
•Second Edition, revised and corrected, with new Introduction, 
additional Notes and Illustrations. Crown 8vo. lo*. 6ef. 

THE ILIAD, Edited, with Introduction and Notes, by 
Walter Leaf, M.A., Fellow of Trinity College, Cambridge, 
and the late J. H. Pratt, M.A. 8vo. [In preparation. 
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For Use in Schools and Colleges. 
Translated £rom the German of Dr. ;G. Autenreithy with 
Additions and Corrections by R. P. Keep, Ph.D. With 
numerous lUttstratlons. Crown 8vo. 6s, 

BORAOB— TIffiS WORKS OF HORACE^ rendered into 
English Prose, with Litroductions, Running Analysis, and 
Notes, by J. Lonsdale, M.A., and S. Lss, M.A. Globe 
8vo. 3j. 6af. 

THE ODES OF HORACE IN A METRICAL PARA- 
PHRASE. By R. M. Hovbndbn. Extra fcap. 8vo. 4r. 

HORACE'S LIFE AND CHARACTER. An Epitome of 
his Satires and Epistles. By R« M. Hovsnden. Extra fcap. 
8va 4/. 6d. 

WORD FOR WORD FROM HORACE. The Odes 
Hterally Versified. By W, T. Thornton, C.B. Crown 
Svo. 7j. 61L 

SAOKMK— FIRST STEPS TO GREEK PROSE , COM- 
POSITION. By Blomfield Jackson, M.A. Assistant- 
Master in King's Collie School, Londott. New Edition 
revised and enlarged. i8mo. is, 6d. 

SECOND STEPS TO GREEK PROSE COMPOSITION, 
with Miscellaneous Idioms, Aids to Accentuation, and Exami- 
nation Papers in Greek Scholarship. iSmo. 2s, 6d. 

^*^ A Key to both Parts, for the use of Teachers only, is in 
preparation. 

dTAOKSON— ^ MANUAL OF GREEK PHILOSOPHY. By 
Henry jAcitsoN, M.A., Fellow and Frselector in Andent 
Philosophy, Tril^ty CoU^e, Cambridge. \In pr^araHon^ 

JBBB— Works by R. C. Jebb, M.A., Professes of Greek in the 
University of Glasgow. 

THE ATTIC ORATORS FROM ANTIPHON TO 
ISAEOS. 2 vols. &ro. 25^. 

SELECTIONS FROM THE ATTIC ORATORS, ANTI- 
PHON, ANDOKIDES, LYSIAS, ISOKRATES, AND 
ISALOS, Edited^ with Notes. Being a companion volume to 
the precedmg work. 8vo. 12s 6d. 
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HA^O^ (JOSBP0 T^nY-^GMEEX FOR BEGINNERS, By 
tbe Key, J. B. Mayoii, M. A«y Professor oif Classical Literature 
in King's College^ Ixmdon. Part I., with Vocabulary, is, 6d. 
Parts IL and III., with Vocabulary and Index, 3^. 6d, com- 
plete in one VoL NewEditiocu Fcap. Svo. dotib 4f«U 

fumoJX^PARALLEL EKTJ^ACTS arranged ibr translation 
into English and Latin, with Notes on Idioms. By J. £. 
Nixon, M.A^ Fellow 9xA Classical Lecturer, Kingf^f CoUesBb 
Cambridge. PartL^—HistQiiGal and Epistolary* ^ev Edition, 
nndsed and eoJaiged. Crown Sto. 3^. 6^, 

A FEW NOTES ON LATIN RHETORIC. With 
Tables and IlliutivtiooB. By J. £. Nixoif, M,A. Crown 

PBII.B (JOHN, m.iL.y-AN INTRODUCTION TO GREEK 
AND LATIN ETYMOLOGY. By JOHK Pkile, M.A., 
Fellow and Tutor of Christ's Colkge^ Cambridge! formerly 
Teacher of Sanskrit in the University of Cambridge. Third 
and Revised Edition. Crown Svo. los. 6d. 
A PRIMER OF PHILOLOGY. iSnlo. U. By the same 
Author. 

nVJ>iL'B,--THE EXTANT ODES OF PINDAR. Translated 
into English, with an Introduction and short Notes, by Ernest 
Myers, M.A., Fellow of Wadham College, Oxford. Crown 
8vo. ^. 

9hAT<h-TH£ REPUBLIC OF PLATO. Translated mto 

FiHglishg with an Analysis a^d Notes* by J. Lu Davies, 

M.A., and D. J. Vaughan, M.A. New Edition, with 

Vignette Portraits of Plato and Socrates, engraved by Jbsns 

. from an Antique Gem. i8ma 4s. 6d. 

PHILEBUS. Edited, with Introduction and Notes, by 
Henry Jackson, M.A., Fellow of Trinity College, Cambridge. 
8vo. [In preparation. 

THE TRIAL AND DEATH OF SOCRATES, Being 
the Euthyphro, Apology, Crito, and Phaedo of Plato. Trans- 
lated by F. J. Churcj*. Crown 8vo. 4^.6^'. 
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PJ^mi^B^TffS iiOSTELLARJA QP PlAUTUSi. W^ 
Notes, Fiol^mena, «b4 Excoisos. 3y William Rahsay, 
^A., foxmerljr Profiossor qf Humanity in the University of 
Glasgow. Edited by Professor Gsorgs G. Ramsay, M.A., 
of &ft Uaivendty of Glasgow. 8vOb 14/. 

MTTS (A. W.| M.A.)— Works by ALEXANDER W. POTTS, 
M.A., IrL,.D., jate Fellow of St. Johix's College, Cam]>ii^x 
Head V%»ter of the Fettes College Edinbmgli. 

HIITTS TOWARDS LATIN PROSM COMPOSITION. 
New Edition. Extra fcap. 8vo. 3/. 

PASS A QMS POM TRANSLATION fNTO 14 TIN 

PROSE, Edited with Notes and References to the above. 
Extra fcap. 8vo. 2s, 

LATIN VERSIONS OF PASSAGES FOR TRANSLA- 
TION INTO LA TIN PROSE. For Teachers only. 2J. 6d, 

EXERCISES IN LATIN PROSE. With Intr/iwliJCtion, 
Notes, &c., for the Middle Forms of Schools. Extra fcap. 8vo. 

\In preparatiifn. 

ROBY— i4 GRAMMAR OF THE LATIN lANQUAGE^ from 
Flantos to Suetonius^ By H. J. Roby, M.A., late Fellow of 
St. Joba'« College, Cmibiidge. InTwoBnts. . Thiid Editioa. 
Part 'L oonti^iiiiE^ :-*£ook I. Soands. Boc^H. laflezions. 
Book HL Word-formation. Appendices; Crown Sva 8j. 6^. 
Part IL — Syntax, Prepositions, && Crown 8vo. lor. 6^. 

"Marked by the clear and practised intight o€ « maafeer in Ug aiC. 
A book that woiilddo lioBOiir to^n/'Cotti^ry.''— iAth^iubuv. 

SCHOOL LATIN GRAMMAR. By the same Author. 
Crown 8vo. 5^. 

UVSnSYNTffETIC LATIN DELECTUS. A First? Latin 
Censtraing Book arranged on the Principles ol GraBunatscal 
Analysis. With Notes and Vocabolary. By E. RufiH, B.A. 
With Preface by the Rcf. W. F. Moulton^ M.A., D.D. 
Extra fcap. Svo. 2s. 

nVBT—FIRST STEPS TO LA TIN I^OSE COMPOSITION. 
By the Rev. G. iRuiM^ lif.A. of l^embroke College^ Oxford, 
Master of the Lower School, King's College, London, New 
Edition. i8mo. is. 6d. 
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RVTHBSFeHS— ^ FIRST GREEK GRAMMAR. By W.'G. 
BuTHXUOUi, M.A., Aariituit Haster In St. PmTi Sduml, 
Ltmdou. Extra fop. Sro. Niw Edition, enlarged, ii. &f. 

SEBLBT— 1.4 PRZM&R OP LATIN LITERATURE. By 
Frof. J. R. SnuY. itnprefantiaii. 

SlWKm—PROGRESSIVE EXERCISES IN LA TIN 
PROSE COMPOSITION. Founded bn Pass^cs selected 
from Cic«ro, Livy, &e. By F. P. Simpson, B.A„. of Balliol 
Collie, Oxford. [In prf^taviUn. 

•PiXaru»~COMPLETE WORSTS TRANSLATED. By A. J. 
Church, H.A., and W. J. Bkodkibb, M.A. 
TNE SISTORV. Witli Hota and a Map. New Edidon. 
Crown Sto. fo. 

THE ANNALS. With Notet and Maps. New Editicm. 
Ciown 8«>. Jx. 6ii 

I THE AGRICOLA AND GERMANY, WITH THE 
DIALOGUE ON ORATX>RY. WiUi Hapi and Notes. 
New and Revised Editim. Crown 8vo. 4/. id. 

TBBOORiraB, BION aad H080BDS. liendered into 
English Prose with Introductory Essay by Andbew Lahg, 
M:A. Crown Sva 5j. 

THBOPHRAITVS— ri^ CHARACTERS OP TBEO- 

PHRASTUS. An EngllA Translation fiom a Rerlaed Teit. 

'With lotrodoctlon and Notei. By R. C Jxbb, M.A., Pro- 

lessor of Greek In the UniTeisIty of GIa%«w. Extra fcap. 8to. 

61. &£ 
TRKIMO— Works t^ the Rer, E. Thri»g, U.A., Head- 

MaBter of Uppinghnm SdiooL 

A LATIN GRADUAL, A First Latin COnitralng Book 

iat Beginnen. New Edition, enkrged, with Colonred Sentence 

Msp& Fcap. Sto. 3j. bd. 

A MANUAL OF MOOD CONSTRUCTIONS. Fcap. 

Sto. It. 6J. 

A CONSTRUING BOOK. Fcap. Sto. «. 6A 
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^rl'BLQtll^TIiE WORKS OF VIRGIL RENDERED INTO 
ENGLISH RROSE, with Notes, Introductions, Running 
Analysis, and an Index, by Jambs Lonsdale, M.A., and 
Samuel Lee, M.A. New Edition. Globe 8vo. y. 6d. ; 
gilt edges, 4^. 6^. 

WniTIi— FIRST LESSONS IN GREEK, Adapted to Good- 
win's Greek Grammar. By John Williams White, Ph.D., 
Assistant-Prof, of Greek in Harvard University. Crown 8vo. 

\In the press, 

WILKINS—i4 PRIMER OF ROMAN ANTIQUITIES. By 
A. S. WiLKiNS, M.A., Professor of Latin, in the Owens 
College, Manchester. With Illustrations. i8mo. xx. 

WRIGHT— Works by J. Wright, M.A., late Head Master ^ 
Sutton Coldfield School. 

LELLENICA; OR, A HISTORY OP GREECE IN 
GREEK, as related by Diodorus and Thncydides; being a 
First Greek Reading Book, with explanatory Notes, Critical 
and HistoricaL New Edition with aVocabulaiy. Fcap« Svo. 

A HELP TO LATIN GRAMMAR; or, The Form 
and Use of Words in Latin, with Progressive Exercises, 
Crown 8va 4x, 6dL 

THE SEVEN KINGS OF ROME. An Easy Narrative, 
abridged from the First Book of Livy by the omission of 
Difficult Passages; being a First Latin Reading Book, with 
Grammatical Notes and Vocabulary. New and revised 
edition. Fcap. 8vo. 3^. &/• 

FIRST LATIN STEPS; OR, AN INTRODUCTION 
BY A SERIES OF EXAMPLES TO THE STUDY 
OF THE LA TIN LANGUA GE. Crown 8vo. 5^. 

ATTIC PRIMER. Arranged for the Use of Beginnera. 
Extra fcap. 8vo. 4; . 6d, 

A COMPLETE LATIN COURSE, comprising Rules witii 
Examples, Exercises, both Latin and English, on each Rule, 
and Vocabularies. Crown 8vo. 4^. 6d. 

b 
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MATHEMATICS. 
AIKT— Worki by Sir G.' B. Airy, ICCB,, 
tiojal:— 

ELEMENTARY TREATISE Ot, PARTIAL DIP' 
FERENTIAL EQUATIONS. Designed for the Use o£ 
Students in tlic Universities. With Diagrams. Second Edition. 
Crown 8vo. 5^. &i 

ON THE ALGEBRAICAL AND NUMERICAL 
THEORY OP ERRORS OP OBSERVATIOffS AND 
THE COMBINATION OP OBSERVATIONS. Second 
Edition, revised. Crown 8vo. 6f. &/. 

UNDULATORY THEORY OP OPTICS. Detdgned for 
the Use of Students in the Umvenitj, New Edition. Crown 
8va. it. 64. 

ON SOUND AND ATMOSPHERIC VIBRATIOI^. 
With the Mathenuitical Elemeuls of Mnaie. Dengned for the 
Use of Students in the Umverdty. Second Edition, Revised 
and Enlarged. Crown 8vo, 91. 

A TREATISE OF MAGNETISM. Designed for the Use 
of Students in the Universitj, Crown 8va. 91. 6d, 

AJBT (0*vraitm)—A TREATISE ON GEOMETRICAL 
OPTICS. Adapted for the nse of the Hitler Oassei in 
Schools, Bj OsuCNO AlSY, B.A., one of the Mathematical 
Masteia in Wellington Coll^ie. Ektra fcap. 8vo. 31. 64. 

'BA.tUK—THE ELEMENTS OP MOLECULAR MECHA- 
NICS. By JosKPH Batma, S.J., Piofessor of Philosophy, 
Stonjhuist Collie. Demy Svo. lot. 64. 

u.ana'LBY—AN ELEMENTAR Y TREA TISE ON PLANE 
TRIGONOMETRY. With Examples. ByR. D. Bkasliy, 
M.A., Head Master of Grantham Grammar School fifth 
Edition, revised and enlarged. Crown Svo. 31; 64, 

BI.ACKBUSN (HUQH) — ELEMENTS OP PLANE 
TRIGONOMETRY, for the nse of the Jonior Class in 
Mathematics n the Univerdty of Glasgow. By HUGR 
Blacksubn, M.A., Professor of Mathooatics in the Univer. 
sily of Gla^ow, Globe Bvo. \t. 64; 
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BOOLR— Works by G. Boole, D.C.L., F.R.S., late Professor 
of Mathematics in the Queen's Uniyersity, Ireland. 
A TREATISE ON DIFFERENTIAL EQUATIONS. 
Third and Revised Edition. Edited by I. TodhUNTEK. Crown 
8vo. 14J. 

A TREATISE ON DIFFERENTIAL EQUATIONS. 
Supplementary Volume. Edited by L Todhunter. Crown 
8vo. &r. 6d. 

THE CALCULUS' OF FINITE DIFFERENCES. 
Crown 8yo. 10s. 6d. New Edition, revised by J; F. 

MOULTON. 

BROOK-SMITH (9 .\— ARITHMETIC IN THEORY AND 
PRACTICE. By J. :6rook-Smith, M.A.y LL.B., St. 
John's College, Cambridge ; Barrister-at-Law ; one of the 
Masters of Cheltenham College. New Edition, revised. 
Crown 8vo. 4J. 6d, 

CAMBRIDGE 8ENATB-HOU8B PROBIiEMB U&d RIDERS 
'WVm. SOItfUTIONSi— 

iS'jS—^FOBLEMS AND RIDERS. By A. G. GkexnhilL| 
M.A. Crown 8va &r. 6d. 

iSy&— SOLUTIONS OF SENA TE-HO USE PROBLEMS. 
By the Mathematical Moderators and Examiners. Edited by 
J. W. L. Glaishsr, M.A., Fellow of Trinity College^ 
Cambridge. 12s. 

CAM-DImBK—HELP to arithmetic. Designed for the 
use of Schools. By H. Candler, M.A., Mathematical 
Master of Uppingham SchooL Extra fcap. 8vo 2s. 6d. 

CHEYNB— ^iV ELEMENTARY TREATISE OA THE 
PLANETARY THEORY. By C. H. H. Cheyne, M.A., 
F.R.A.S. With a Collection of Problems. Second Edition. 
Crown 8vo. dr. 6d. 

CHRISTIE—^ COLLECTION OF ELEMENTARY TEST- 
QUESTIONS IN PURE AND MIXED MATHE- 
MA TICS ; with Answers and Appendices on Synthetic \ 

Division, and on the Solution of Numerical Equations by 
Homer's Method. By James R« Christie, F.R.S., Roya 
Military Academy, Woolwich. Crown 8vo. Zs. td. 

h2 
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yKD—THM ELEMENTS OF DYNAMIC. An In. 

Inction to the Study of Motion and Rest in Solid and Fluid 
lies. By W. K. Cliffokd, F.R.S., Professor of Applied 
thematics and Mechanics at University Collie, London. 
1 1.— KINEMATIC. Crown 8to. ^s. 6d. 

IVta—AN INTRODUCTION TO THE THEOR\ 
ELECTRICITY. By LlNN^US CnuMINQ, M.A., 
of the Masters of Rngbj School With Ulnstrationa. 
wn 8to. %i. 6d. 

vavnavi— EUCLIDIAN GEOMETRY. By Francis 
THBBRTSON, M.A., LL.D., Head Mathematical Master of 
Ci^ of London School. Extra fcap. Svo. 4r. 6d. 

)N— Work* by the Rev. T, Dalton, M.A., Assistant 
stei of Eton Collie. 

ILES AND EXAMPLES IN ARITHMETIC. New Edi- 
a. iSmo. 31. 6d. [Aniuurs to the Examples or,* appended. 



-PROPERTIES OF CONIC SECTIONS PROVED 
lOMETRICALLY. Part I., THE ELLIPSE, with 
Dblems. By the Rer. H. G. Dat, M.A, Crown gvo. 



T— GEOMETRICAL TREATISE ON CONIC SEC- 
TONS. By W. H. Drkw, M.A., St John's CoU^^e, 
inibridge. New Edition, enlarged. Crown Svo. 51. 

7LUTI0NS TO THE PROBLEMS lli DREW'S 
ONIC SECTIONS. Ciown Svo. 4/. 6d. 

V—GRADUATED EXERCISES IN ANALYTICAL 
EOMETRY. Compiled and arranged by J. M. Dyer, 
.A., Senior Mathematical Master in Cheltenham Coll^:e, 
rown Svo. [/« prepatatifn. 



MATHEMATICS. az 



BDOAB (J. H.) and PBZTCHABD (O. B,)^NOTE'BOOK 
ON PRACTICAL SOLID OR DESCRIPTIVE GEO- 
METR K. Containing Problems with help for Solutions, By 
J. H. Edgar, M. A., Lecturer on Mechanicid Dnwiog at the 
Royal School of Mmes, and G.. S. Fkitchaed. Fourth 
Edition, i^vised and enlarged. By Arthur Meeze. Globe 
8va 4?. 6d. 

FBRRE&S— Works by the Rev. N. M. Ferrers, M.A., Fellow 
and Tutor of Gonville and Caius College, Cambridge. 

AN ELEMENTARY TREATISE ON TR2LINEAR 
CO-ORDINATES^ the Method of Reciprocal Folars, and 
the Theoxy of Projectors. New Edition, revised. Crown 8vo. 
6r. 6^. 

AN ELEMENTARY TREATISE ON SPHERICAL 
HARMONICS, AND SUBJECTS CONNECTED WITH 
THEM, Crown Sva 7^. 6t/. 

4 

PR08T— -Works by Percival Frost, M.A., formerly Fellow 
of St. John's College^ Cambridge ; Mathematical Lecturer of 
King's College. 

AN ELEMENTARY TREATISE ON CURVE TRA- 
CING. By Percival Frost, M.A. Svo. lai. 

SOLID GEOMETRY. A New Edition, revised and enlarged 
of the Treatise by Frost and Wolstsnholmb. In 2 Vols. 
Vol.. I. 8vo. i6j. 

60DF&AY— Works by HujQH Godfray, M.A., Mathematical 
Lecturer at Pembroke Collie, Cambridge. 

A TREATISE ON ASTRONOMY, for the Use of CoUeges 
and Schools. New Edition. 8vo. I2j. 6^ 

AN ELEMENTARY TREATISE ON THE LUNAR 
THEORY, with a Brief Sketch of the Problem up to the time 
of Newton. Second Edition, revised. Crown 8vo. 5j. 6</. 

VLJSXiVaXiQt--AN ELEMENTARY TREATISE ON THE 
DIFFERENTIAL AND INTEGRAL CALCULUS, for 
the Use of Colleges and Schools. By G. W. Hemmino, M.A., 
Fellow of St John's College, Cambridge. Second Edition, 
with Corrections and Additions, 8vo ^» 
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\.VM — GEOMETRICAL CONIC SECTIONS. Aa 

3eiiientBi7 Treatise in which the Ccmic Sections are deGned 
s the Plane Sections of a Cone, and treated by tl;e Method 
( Frojection. By J, Stdart Jackson, M.A., late Fellow of 
ronvUle aud Cutis CoU^e^ Cambridge. Crown Sto. 41. &£ 

.KT (JOHMH.)— ^ TREATISE ON THE THEORY 
W FRICTION. By John H. jBLtBT, R D. , Soiior FeUow 
F "ninity CoU^^ Dublin; Piendent of the Royal Irish 
.cademy. Svo. %!. 6d. 

IB ud auwrtl-B— ALGEBRAICAL EXERCISES. 
rogreidvely Arranged. By the Rev. C A. Jonbs, M.A., and 
:. H. Chbynb, M.A., F.R.A.S., Mathematical Masteia of 
iTestminiter SchooL New Edition. iSmo. su. 6a. 

iAND Bod TtLVt— INTRODUCTION TO QUATER. 
UONS, with niuneroos examples. By F, Kblland, M.A., 
.R.S. i and P. G. Tait, M.A,, Professors ia the department 
r Mathematics in the Univeidty of Edinburgh. Crown Svo. 
r. W. 

IHERBB— ^ CEOMETSICAL NOTE-BOOK.taalaitaBg 
asy Problems in Geometrical Drawing piepaiatoiy to the 
Wdy of Geomtfry. For the use of Schools. By F. E. 
IlTCBSNBR, M.A., Mathemathicol Master at Rugby, New 
diti<ai. 4to. 31. 

Vt— NATURAL GEOMETRY: an Introduction to the 
4^cal Study of Mathematics, "For Schools and Technical 
lasses. With Explanatory Models, based upon the Tachy- 
letrical Worts of Ed. Lagont fly A. Mault. iSmo. u. 
Models to Illustrate the above, in Box, lis. 6d. 

VOLUX — ELEMENTS OF THE METHOD OF 
EAST SQUARES. By Mansfield Mbrriuah, Ph.D. 

rofessoT of Civic and Mechanical Engineering, Lehigh Uni- 
n^ty, Bethlehem, Penn, Crown Svo, Ji, 6d. 

lASi— ELEMENTS OF DESCRIPTIVE GEOMETRY. 
yj. B. MiLLAS, C.E., Assistant Lecturer in Engineering in 
wens College Manchester, Crown Svo. 6t. 
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MOBOAN — W COLLECTION OF PROBLEMS AND 
EXAMPLES IN MATHEMATICS. With Answers 
By H. A. Morgan, M.A., Sadlerian and Mathematical 
Lecturer of Jesns College, Cambridge. Crown 8vo. dr. 6^ 

JKQl'Br-DETERMINANTS. By Thos. MuiR. Crown 8vo. 

\In preparation, 

NEWTON'S PRINCIPIA. Edited by Prof. Sir W. Thomson 
and Professor Blackburn. 4to. doth. 31^. 6<^ 
THE FIRST THREE SECTIONS OF NEWTOirS 
PRINCIPIA^ With Notes and Illustrations. Also a col- 
lection of Problems, principally intended as Examples of 
Newton's Methods. By Percival Frost, M.A, Third 
Edition. 8vo. I2J. 

PARKINSON— -Works by S. Parkinson, D.D., F.R.S., Tutor 
and Prselectbr of St. John's College, Cambridge. 
AN ELEMENTARY TREATISE ON MECHANICS. 
For the Use of the Junior Classes at the University and the 
Higher Classes in Sdiools. With a Collection of Examples. 
New Edition, revised. Crown Svo. cloth. 9J. &/. 

A TREATISE ON OPTICS. ♦ New Edition, revised and 
enlarged. Crown Svo. doth. lOr. 6cL 

VRDUBY— EXERCISES IN ARITHMETIC for the Use of 
Schools. Containing more than 7,000 original Examples. 
By S, Pedley, late of Tamworth Grammar School. Crown 
Svo, 5j. 

VWRASL^ELEMENTARY HYDROSTATICS. With Nu- 
merous Examples. By J. B. Phsar, M. A., Fellow and late 
Assistant Tutor of Chue College, Cambridge. New Edition. 
Crown Svo. doth. 5^. 6d, 

nUll^^LESSONS ON RIGID DYNAMICS. By the Rev. 
G. PiRiE, M.A., late Fellow and Tutor of Queen's College, 
Cambridge; Professor of Mathematics in the University of 
Aberdeen. Crown Svo. dr. 

FUCKLE-^AT ELEMENTARY TREATISE ON CONIC 
SECTIONS AND ALGEBRAIC GEOMETRY. With 
Numerous Examples and Hints for their Solution ; especially 
designed for the Use of Beginners. By G. H. Puckls, M.A. 
New Edition, revised and enlarged. Crown Svo. 7^. 6</ . 
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vynJUHBOm—BLSMEifTARY STATICS, by the Re». 
GzoRGK Ravumson, M.A. Edited by the Ker, Edwakb 
Stukqis, M.A. Croim Sto. 41. 6d. 

\TL!B.X9B — THE THEORY OF SOUND. By Lojin 
RAVLKiaa, M.A., F.R.S., formerly FeUow of Trinity CoUege, 
Cambridge. 8n>. Vol. I. 121. U. Vol. II. lu. dd. 

\Vol. ni.inthtpria. 

vrSQXJ>^~MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Rsynolds, M.A., MathemtioU 
Mister in Clifton Coll^^ Crown 8vo. y. W., 

>UTH — Works Jby Edwaed ^John Routh, M.A,, F.R.S., 
late Fellow end As^stsnt Tutor of St. Feter'a College, Cam- 
bridge ; Examiner in the Univer^ty of London, 
A N ELEMENTAR Y TREA TISB ON THE D YNAMICS 
Of THE SYSTEM OF RIGID BODIES. With muneroM 
Examples. Tbiid and enlarged Edition. 8vo. 2ij. 
STABILITY OF A GIVEN STATE OF MOTION, 
PARTICULARLY STEADY M02I0N. Adami" Prize 
Essay for 1877. 8vo. Si. 6d. 

KITH— Works by the Rev. Barnard Smith, M.A., Rector 
of Glaston, Rutland, late Fellow and Senior Bnrsai of SL 
Peter's Collie, Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and 
Application ; with numerous eysteroatically arranged Examples 
taken from the Cambridge Examination Papers, with especial 
reference to the Ordinary Examination for the B.A. D^ireft 
New Edition, carefiillj revised. Crown 8to. ioi. &£ 
ARITHMETIC FOR SCHOOLS. New Edition. Ciown 
8to. 41. &/. 
_ A KEY TO THE ARITHMETIC FOR SCHOOLS. 
New Edition. Crown 8vo, 81. dd. 



Or sold separately, Fart I. 11. ; Part IL ti. ; Answers, fid. 

SCHOOL CLASS-BOOK OF ARITHMETIC. iSmo. 

doth, 31. 
Or sold separately, in Three Parts. \$. each. 
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SMITH CofiHmted^] 

KEYS TO SCHOOL CLASS-BOOK OF AR1THME71C 
Parts I., II., and III., 2x. 6(/. each. 

SHILLING BOOK OF ARITHMETIC FORNA TIONAL 
AND ELEMENTARY SCHOOLS. iSmo. doth. Or 
separately, Part L 2d, ; Part IL yi. i Part HI. yd. Answers. 
6d. 

7 HE SAME, with Answers complete. iSmo, doth. is. 6d. 

KEY TO SHILUNG BOOK OF ARITHMETIC. 
iSmo. 4J. 6d. 

EXAMINA TION PAPERS IN ARITHMETIC. I&no. 
is. 6d. The same, with Answers, i8mo. 2s. Answers, 6d. 

KEY TO EXAMINATION PAPERS IN ARITH* 
ME TIC. i8mo. 4^. 6d. 

THE METRIC SYSTEM OF, ARITHMETIC^ ITS 
PRINCIPLES AND APPLICATIONS, with numerous 
Examples, written expressly for Standard V. in National 
Schools. New Edition. i8mo. doth, sewed. 3^/. 

A CHART OF THE METRIC SYSTEM, on a Sheet, 
size 4s in. by 34 in. on Roller, mounted and varnished, price 
3x. 6d, New Edition. 

Also a Small Chart on a Card, price id. 

EASY LESSONS IN ARITHMETIC, combining Exercises 
in Reading, Writing, Spelling, and Dictation. Part 1. for 
Standard L in National Schools. Crown 8va gd, 

EXAMINATION CARDS IN ARITHMETIC. (Dedi- 
cated to Lord Sandon.) With Answers and Hints. 

Standards I. and II. in box^ is. Standards IIL, IV. and V., 
in boxes, is. eadu Standard VL vt\ Two Parts, in boxes, 
is. each. 

A and B papers, of nearly the same difficulty, are giren so as to 
prevent copying, and the Colours of the A and B papers differ in 
eadi Standard, and from those of every other Standard, so that a 
master or mistress can see at a glance whether the children have the 
proper papers. 
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SNOWBAU.— 7*^£ ELEMENTS OF PLANE AND 
SPHERICAL TRIGONOMETRY; with Oe Coostradioa 
■ndUseofTsblesof Lc^uithnu. B7J. C. Skowbali, M. A.' 
New EditioD. Crown 8vo. Is. 6d, 

SYLLABUB OF PLANS QEOHETST (correspondillg to 

Euclid, Boobs I. — VI.). Prepared by the Assodation for the 
ImpTOTement of Geometrical Teaching. New Edition. Clown 
Sto. I/, 

TATP M>a STSBLB— ^ TREATISE ON DYNAMICS OF 
A PARTICLE. With numerona Eitamples. By Profes»i 
Tait and Mr. Steele. Fonrtb Edition, revised. Crown 8vo> 
iSr. 

T^^&rw — ELEMENTARY MENSURATION FOR 
SCHOOLS. With Dumennu Examples. By Septikvs 
Tebat, B.A., Head Mftster of Qneen Elizabeth's Grammai 
School, Kivington, Extra fcap. 8to. 3;. &/, 



" Ut. TodHoato is cbieay known to itndena of HUbsaalici u Ihs 
author oF a Hnes of HdmuKble mathainsdcBl textboolu, whic^ poS^Cat 
the rare quaJitiea of bang clear in alyle and absolutely free from misuke^ 
typoETC^inical or otlicr." — Satxtiuiav Rsvniw. 



MENSURATION FOR BEGINNERS. With 
Examples. New Edition. iSmo. 3J. &/. 



TRIGONOMETRY FOR BEGINNERS. With 
Exanplea. New Edition. iSmo. zr. td. 
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TODHUNTER ConHfmed^ 

MECHANICS FOR BEGINNERS. With numerous 
Examples. New Edition. -iSmo. 4J. 6d, 

KEY TO MECHANICS FOR BEGINNERS. Crown 
Svo. dr. 6d» 

ALGEBRA. For the Use of Colleges and Schools. New 
Edition. Crown Svo. is, 6d, 

KEY TO ALGEBRA FOR THE USE OF COLLEGES 
AND SCHOOLS. Crown 8va ioj-. 6d. 

AN ELEMENTARY TREATISE ON THE THEORY 
OF EQUATIONS. New Edition, revised. Crown Svo. 
*ls. 6d. 

PLANE TRIGONOMETRY. For Schools and Colleges. 
New Edition. Crown Svo. ^r. 

KEY TO PLANE TRIGONOMETRY. Crown Svo. 
lor. 6^. 

A TREATISE ON SPHERICAL TRIGONOMETRY. 
New Edition, enlarged. Crown Svo. 45. 6e^. 

PLANE CO-ORDINATE GEOMETRY, as applied to the 
Straight line and the Conic Sections. With numerous 
Examples. New Edition, revised and enlarged. Crown 8vo« 
*js. ed. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. 
With numerous Examples. New Edition. Crown Svo. 
los. 6d. . 

A TREATISE ON THE INTEGRAL CALCULUS AND 
IIS APPLICATIONS. With numerous Examples. New 
Edition, revised and enlarged. Crown Svo. lor. 6d. 

EXAMPLES OF ANALYTICAL GEOMETRY OF 
THREE DIMENSIONS. New Edition, revised. Crown 
8va 4J. 

A 7REA7ISE ON ANALYTICAL STATICS. With 
numerous Examples. New Edition, revised and en laired 
Crown Sva los. 6d. 
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TOSHVNTBR Ci»iHtai«i— 

A HISTORY OF THE MATHEMATICAL THBORV 
OF PROBABILITY, &om the time of Pascal to that of 
Laplftce. Svo. i&r. 

RESEARCHES IN THE CALCULUS OF VARIA- 
TIONS, prindpaljy on the Theory of Discontinnoiu Solntioos : 
aa Essay to which the Adams Priie was awarded in the 
Univecsitir of CambddKe ia 1871. 8vo. 6>. 

A HISTORY OF THE MATHEMATICAL THEORIES 
OF ATTRACTION, AND THE FIGURE OF THE 
EARTH, from the time of Newton to that of Laplace. 3 vols. 
Svo. 34^. 



10t.6d. 

WILBON <J. V..)— ELEMENTARY GEOMBTRi. Books 
I. to V. Containing the Subjects of Euclid's first Six 
Boots. Following the Syllabus of the Geometrical Association, 
By J, M. Wilson, M.A., Head Master of Clifton College. 
New Edition. Extra fcap. 8vo. 4^. 6d, 

SOLID GEOMETRY AND CONIC SECTIONS. With 
Appendices on Transversals and Harmonic Division. For the 
Use of Schools. By J. M. Wilson, M.A. New Edition. 
Extra fcap. Svo. 31. 6d. 

WtUSOIt— GRADUATED EXERCISES IN PLANS TRI- 
GONOMETRY. CompQed and arranged by J. WlLSON, 
M.A., and S. R. Wilson, B.A. Crown Svo. 41. 6d. 

•• Tht HCTdss? seem beautifiill 
on moEt ecndj aodplusaDUy/' — E 
Ombiid^b 

WIMON (W. P.)— ^ TREATISE ON DYNAMICS. B^ 
W, P. Wilson, M.A., Fellow of St. John's College, Cam- 
bridge, and Professor of Mathematics in Queen's College, 
Bel&at. Svo. 9^. &/. 
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-WOlMnTBUmolMLl^-MATff^MATICAL PROBLEMS^ on 
Subjects included in the First and Second Divisions of the 
Schedule of Subjects for the Cambridge Mathematical Tnpos 
Examination. Devised and arranged by Joseph Wolsten- 
HOLMK, late Fellow of Christ's Collie, sometime FeUow of 
St John's College, and Professor of Mathematics in the Royed 
Indian Engineering CoUeget New Edition greatly enlaxged. 
8vo. i&. 



SCIENCE. 

SCIENCE PRIMERS FOR ELEMENTARY 

SCHOOLS. 

Under the ioint Editorship of Professors Huxley, Roscob, and 

Balfour Stewart. 

"These Primers axe extremely simple and attractive^ and thoroocrhly 
answer their, purpose of just leading the young be|;inner up to the thresh- 
old of the long av^ues in the Palace of Nature which these titles suggest." 

--<7UAKDIAN. 

"They are wonderfully clear and lucid in their instruction, simple in 
style, and admirable in plan. "—Educational Timbs. 



INTRODUCTORY— By T. H. HuxLEY, F.R.S., Professor of 
Natural History in the Royal School of Mines. i8mo. is, 

CHEMISTRY — By iiH. E. Rosoos, F.R.S., Professor of 
Chemistry in Owens College, Manchester. With numerous 
Illustrations. i8mo. is. New Edition* With Questions. 
'* A very model of perspicacity and aeamcy.*— Chxmist and Dsug- 

GXST. 

PHYSICS— .By BALFOUR STEWART, F.R.S., Professor of Natural 
Philosophy in Owens College, Manchester. With numerous 
Illustrations. l8mo. is. New Edition. With Questions. 

PHYSICAIt OEOORAPHY— By ARCHIBALD GSIKIX, F.R.S.» 

Murchison Professor of Geology and Mineralpgy at Edin- 
burgh. With numerous Illustrations. New Edition, with 
Questions. i8mo. is, 

" Everyone of his lessons is Marked by simplicity, deanesSi and 
eerrectness. "— Athbnjbuic 

GEOIiOaY — By Professor GxiKis, F.R.S. With numerous 
Illustrations. New Edition. zSmo. cloth, is, 

" It is hardly possible for the dullest child to misonderstand the meaning 
of a elassificadon of stones after Fkofessor Geilde's explanation. "— 'Schooi. 

BOAID CUBONICLB. 
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SOIBMOB PRIHBBS Cen&ntei— 

PHTIIOIiOaT— Br MlCHAU. FOSTKK, M.D., F.R.S. \ 
nnmcToni Ulnstiatioiu. New Edition, iSmo. u. 
*' The book 



ABTKOKOISY — B7 J. NOKKAN LOCKTXR, P.R.S. With 
aomeroni Ulastradoiu. New EditLon, iSmo, ii, 

"Thii u s]lo[<(ha ddb of the mest Ukcly attcaipu ws have ever seen to 
bring astronemj don to tbe npadtf w the young child."— School 
Bdaui Chrohicli. 

BOTANV— Bj Sir J. D. HooKBK, K.C.S.I., C-B., F.R.S. 
With tiamcTons ninstnitians. New Edition, i&no, u, 

" To te&chen the Primer viU be of inestiniablB valtis, aziil not oolr 
boetDse of the Bmplidlv of (he lanffuage lud the eleamesa with which ibb 
■object nutter is treated, hnl Also on Aceaimt of its coming fron the highest 
MithQtitr, and 10 fnmishiiiif pmitiTe infemuuioD u to the Kon suitable 
methods of teaching the Bcieiice of botany." — Natuse. 

LOQIO— Bf Professor Stakley Jbvons, F.R.S. New Editum. 
iSmo, I A 

*'It Ei[ip«an to ns adtniiabEy adapted to serre both as an introdiittlOB 
to tcuntifie reasoning, and u a guide to soaod Jtidgmeot and nascnnif 
in the oidinaiy a&us of life."— Academy. 

POLl-nOAi. BOONOiSY— By Professor Stanut Jivohs, 
K.R.S. iSmo. u, 

" Unquestjooably in every i«G|>ect ta adminblo priniei."— .Scwml 
BOAU) Cbsonicu. 

In pr^aratioM : — 
ZOOLOGY. Bf Frofenor Huxlby, So. ftc 



BLBMENTARY CLASS-BOOKS. < 

ASTBONOMT, 1>r the Astronomer Boyal. 

POPULAR ASTRONOMY. With Ulustrations, • By Sir 
G. B. Airy, K.C.B., Aatronomer Royal, New Edition. 
iSmo. 4J. 6d. 
ASTBONOHT. 

ELEMENTARY LESSONS IN ASTRONOMY. With 
Coloured Diagram of the Spectra of the Sun, Stars, and 
NebnlEe, asdnunterouglUustradoDS. ByJ, NoruanLockyek, ' 
F.R.S. New Edition. Fcap. 8to. 51. 6d. 

" YbH, cieai, Hiind, and wofthT of attencioa. not only aa a popular 
ext.o3tica, bat as a scieaufic ' Indu.' "— Atuinaiw, 
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BXAMBNTARY CIiASB-BOOKS CmUnuedr^ 

QUESTIONS ON LOCKYERS ELEMENTARY LES- 
SONS IN ASTRONOMY. For the Use of Schools. By 
John Forbks-Robs&tson. i8mo. cloth limp, u, 6d, 

PHYBIOIiOGY. 

LESSONS IN ELEMENTARY PHYSIOLOGY, With 

nnmeroiis niustrations. ByT. H. HuxLXY, F.R.S.» Pro£essor 
of Natural Histoiy in the Royal School of Mines. New 
Edition. Fcap. Svo. 4J. 6d, 

« Pore gold throaghoat*— Guakdiak. 

" TTnquesdoiiably the clearest and most eooi^eto elsBie&tary treatise 
on this sabjeet that we possess in any language. "—-WBSTifniSTKK Kkvixw. 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR 
SCHOOLS. By T. Alcock, M.D. i8mo. w. 6d, 

BOTAinr. 

LESSONS IN ELEMENTARY BOTANY. By D. 
Oliver, F.R.S,, F.L.S., Professor of Botany in University 
College, London. With nearly Two Hundred Illustrations. 
New Edition. Fcap. Svo. is. 6d. 

OHEMIBTBY. 

LESSONS IN ELEMENTARY CHEMISTRY, IN- 
ORGANIC AND ORGANIC. By Hknry E. Roscok, 
F.R.S.y Professor of Chemistry in Owens Collie, Mandiester. 
With numerous Illustrations and Chromo-Litho of the Solar 
Spectrum, and of the Alkalies and Alkaline Earths. New 
Edition. Fcap. Svo. 4^. 6(i. 

* As a standard genetal text-book it deserves to take a leading plaee."— 
Spbctatox. 

** We unhesitatingly prdnounce it the best of all our elementary treatises 
on Chemistry."— Mbdical Tzmbs. 

« 

A SERIES OF CHEMICAL PROBLEMS, prepared with 
Special Reference to the above, by T. E. Thorpe, Ph.D., 
Professor of Chembtry in the Yorkshire College of Science, 
Leeds. Adapted for the 'preparation of Students for the 
Government, Science, and Society of Arts Examinations. With 
a Pre£aoe by Prdfessor RoscoE. New Edition, with Key. 
iSmo. 2s, 
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BIiBMBNTARY CIASC-BOOKS Continued^ 
POUTlOAIi BCONOMY. 

POUTICAL ECONOMY FOR BEGINNERS. By 

MiLLiCKNT G. Fawoctt. New Edition. i8mo. 2J. ti. 

'* Clear, compact, and cdaprehensive.''— Daily Nbws. 
" The rdadons oif caintal and labour have never been mofe vunply or 
more clearly ezpoonded."— Coktbmpoxaky Rkvzbw. 

LOGIC. 

ELEMENTARY LESSONS IN LOGIC; Deductiyc and 

Inductiye^ with copious Questions and Examples, and a 

Vocabulary of Lc^cal Tenns. By W. Stanley Jevons, M.A., 

Professor of Political Economy in University College, London. 

New Edition. Fcap. 8vo. 3^. 6d, 

" Nothing can be better for a school-book."— 6t7AKDiAN. 

''A manual alike ample, interesting^, and scientific. "•7-ATHsiuiaM. 

PHYSICS. 

LESSONS IN ELEMENTARY PHYSICS. By Balfour 

Stewart, F.R.S., Professor of Natural Philosophy in Owens 

CoU^e, Manchester. With numerous Illustrations and Chromo- 

litho of the Spectra of the Sun, Stars, and Nebulae. New 

Edition. Fcap. Svo. 4J. 6d. 

*' The beau-ideal of a scientific text-book, clear, accurate, and thoEoas^.* 
— £ddcatzonai. Timbs. 

PRACTICAL CHEMISTRY. 

THE OWENS COLLEGE JUNIOR COURSE OF 
PRACTICAL CHEMISTRY. By Francis Jones, Chemical 
Master in the Grammar School, Manchester. With Pre&ce by 
Professor RoscoE, and Illustrations. New Edition. i8mo. 

2J. 6c/. 
CHBMISTRY. 

QUESTIONS ON CHEMISTRY. A Series of Problems 
and Exercises in Inorganic and Organic Chemistry. By 
Francis Jones, F.R.S.E., F.C.S., Chemical Miaster in the 
Grammar School, Manchester. Fcap. Svo. 3J. 
ANATOMY. 

LESSONS IN ELEMENTARY ANATOMY. By^SlFl 
George Mivart, F.R.S., Lecturer in Comparative Anatomy 
at St. Mary's HospitaL Witii upwards of 400 Illustrations. 
Fcap. Svo. 6s. 6d. 

" It may be questioned whether any other work on anatomy contains in 
like compass so proportionately great a mass of information. "~<Lahcbt. * 

"The work is excellent, and should be in the hands of every student off 
haroan anatomy.*'— Mkdical Timss 
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EIiEMBNTARY OIiASS-BOOKB CatUUmed^ 

MECHANICS OF MACHINERY. 

AN ELEMENTARY TREATISE. By A. B. W. 
Kennedy, M. Inst. C.E., Professor of Engineering and Me- 
chanical Technology in Univeraty College, London. With 
Illustrations. [In the press, 

STEAM. 

AN ELEMENTARY TREATISE. By John Psr&y, 

Professor of Engineering, Imperial College of Engineering, 

Yedo. With numerous Woodcuts and Numerical Examples 

and Exercises. i8mo. 4;. 6d, 

** The young engineer and chose seeking for a eemprehensiye kne^Nrledge 
of the use, power, and economy of steam, could not have a more userol 
work, as it is very intelligible, well arranged, aiid practical throughout."— 
Ironmongbx. 



PBYSICAIi GEOGRAPHY. 

ELEMENTARY LESSONS IN PHYSICAL GEO- 
GRAPHY, By A. Geikib, F.R.S.» Murduson Professor 
of Geology, &c., Edinburgh. With numerous Illustrations. 
Fcap. 8vo. 4^. (id, 

QUESTIONS ON THE SAME. is. 6d, 



CLASS-BOOK OF GEOGRAPHY. By C B. Clarke, M. A., 
F.R.G.S. Fcap. Svo. New Edition, with Eighteen Coloured 
Maps. 3^. 

NATURAIi PHIIiOSOPHY. 

NATURAL PHILOSOPHY POR BEGINNERS. By 
I. ToDHUNTER, M.A., F.R.S. Part L The Properties of 
Solid and Fluid Bodies. i8mo. 3;. 6d, 
Part IL Spund, Light, and Heat. i8mo. $s, 6d. 

• 

MORAL PHILOSOPHY. 

AN ELEMENTARY TREATISE. By Prof . E. Caird^ 
of Glasgow- University. [/» preparation. 

ELSCTRZCITY AMD MAONBTIMS^ 

. ELEMENTARY LESSONS IN ELECTRICITY AND 
MAGNETISM. By Prof. Sylvanus Thompson, of Uni- * 
Tcrsity College, BristoL With lUustralionb. {In pr^KiraHon. 

c 
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^_„ ■ ■ - 

BIAMBNTARY CIULSS BOOKS Continued. 

SOUND. 

AN ELEMENTARY TREATISE. By W. H. Stonk, 
M.B. With Biustiations. iSma 5r. 6d. 

^|iY0BOZrf>GY. 

ELEMENTAR Y LESSONS IN PSYCHOLOGY. By G. 
Croom Robertson, Professor of Mental Philosophy, &c.. 
University College, London. [In preparaHon» 

A.QVlOWru-B:B— ELEMENTARY LESSONS IN AGRI^ 
CULTURE, By H. Tanner, F.C.S., Professor of Agri- 
cultural Science, University College, Aberystwith. 

\In preparation, 

VLAXLHTLAJmIm—THE economics of INDUSTRY, By A. 

Marshall, M.A., late Principal of University Collie, 

Cheltenham, and Mary P. Marshall, late Lecturer at 

Newnham Hall, Cambridge. Extra fcap. 8vo. 2s, 6d. 

** The book is of sterling valae» and will be of great use to students and 
teachers.** — ^AxHENiEUM. 

Others in Preparqiion, 



MANUALS FOR STUDENTS. 

Crown Svo. 

DTBR AND yjlHTLS— THE STRUCTURE OF PLANTS. By 
Professor Thiselton Dyer, F.R.S., assisted by Sydney 
Vines, B.Sc., Fellow and Lecturer of Christ's Collie, 
Cambridge. With numerous Illustrations. [In prepar€Uion, 

PAWCETT— -<4 MANUAL OF POLITICAL ECONOMY. 
By Professor Fawcett, M.P. New Edition, revised and 
enlarged. Crown Svo. I2j. 6d, 

FLEISCHER—^ SYSTEM OF VOLUMETRIC ANALY- 
SIS. Translated, with Notes and Additions, from the second 
German Edition, by M. M. Pattison Muir, F.R.S.E. With 
TUustrations. Crown 8vo. 7s. 6d, 



« 
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KANUALS FOR STUOBNTS Coniirmed. 

FX.OWBR (W. ^,^—AI^ INTRODUCTION TO THE OSTE^ 
OLOGY of the mammalia. Being tbe substance of 
the Course of Lectures delivered at the Royal College of 
Suxgeons of England in 187a By Professor W. H. Flower, 
F.RiS^F.R.C.S. With numerous Illustrations. New Edition, 
enlarged. Crown 8vo. lor. 6a, 

FOSTER and LANOLBY— ^ COURSE OF ELEMENTARY 
PRACTICAL PHYSIOLOGY. By Michael Foster, 
M^D.* F.R.S., and J. N. Langlby, B.A. New Editi<m. 
Crown 8vo. 6f . 

HOOKBR— 7!«g STUDENTS FLORA OF THE BRITISH 
ISLANDS. By Sir J. D. Hooker, K.C.S.I., C.B., 
F.R.S., M.D., D.C.L. New Edition, revised. Globe 8vo. 
iQf. td 

umLUEY—PHYSIOGRAPHY. An Introduction to the Study of 
Nature. By Professor Huxley, F.R.S. With numerous Illus- 
trations^ and Coloured Plates. New Edition. Crown 8vo. 'jsfid^ 

HUXLEY aad MARTIN— ^4 COURSE OF PRACTICAL 
INSTRUCTION IN ELEMENTARY BIOLOGY. By 
Professor Huxley, F.R.S., assisted by H. N. Martin, M.B., 
D.Sc. New Edition, revised. Crown 8vo. dr. 

HmUBY and -PAXKXB.— ELEMENTARY BIOLOGY. 
PART II. By Professor Huxley, F.R.S., assisted by 
T. J. Parker. With Illustrations. \In prepataHon. 

S-BVOIUB—THE PRINCIPLES OF SCIENCE. A Treatise 
on Logic and Scientific Method. By Professor W. Stanley 
Jkyons, LL.D., F.R.S. New and Revised Edition. Crown 
8vo. \2s. 6d. 

EXERCISES IN DEDUCTIVE LOGIC. By Professor 
W. Stanley Jevons, LL.D., F.R.S. Crown 8vo. 

[In the press, 

OlMrfns:BL{VvoUmmor)^FIRSTB00K0FINDIAN BOTANY. 

By Professor Daniel Oliver, F.R.S., F.L.S., Keeper "of 

the Herbarium and Library of the Royal Gardens, Kew. 

With numerous Illustrations. Extra fcap. 8vo. 6s. 6d. 

c 2 
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MANUALS FOR 8TUDSNT8 Continued^ 

PARKBR and BBTTAW — TffS MORPHOLOGY OF 
THE SKULJL By Professor Pakkxr and G. T. Bxttany. 
Illustrated. Crown 8va lOf. M 

TAIT-^AT ELEMENTARY TREATISE ON HEAT. By 
Professor Tait, F.R.S.E. niastrated. [In the press. 

TISOMBOIS^ZOOLOGY. By Sir C WTViLLft Thomson, F.R.S. 
Illustrated. [In pr^paroHon. 

nmA^— ANTHROPOLOGY. An Introduction to, the Study of 
Man and Civilisation. By £. B. Tylor, M.A., F.R.S. 
ninstrated. [In the press» 

Other volumes of these Manuals wQl follow. 



SCIENTIFIC TEXT-BOOKS. 

BALPOUR—^ TREATISE ON COMPARATIVE EMBRY^ 
OLOGY. With Illustrations. By F. M. BaLfour, M.A,, 
F.R.S., Fellow and Lecturer of Trinity College, Cambridge. 
In z vols. 8vo. VoL L i8j. now ready. [ Vol, II. in the press. 

BAI.Ii (R. 8., iL.JB..\— EXPERIMENTAL MECHANICS. A 
Course of Lectures delivered at the Royal CoIl^;e of Sdenoe 
for Ireland. By R. S. Ball, A.M., Professor of Applied 
Mathematics and Mechanics in the Royal Collie of Sdence 
for Ireland. Royal 8yo. i6r. 

OUAXSnmth-MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browns, M.A., late 
Fellow of Trinity College, Cambridge. Crown 8va los. 6d. 

DANIBLZ.— ^ TREATISE ON PHYSICS FOR MEDICAL 
STUDENTS, By Alfred Daniell. With lUustrations. 
8vQ. [In preparation. 

itOVSKBr-A TEXTBOOK OF PHYSIOLOGY. By Michael 
FosTBX, M.D., F.R.S. With Uhstrations. Third Edition, 
revised. 8yo. z\s. 
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BOZBNTirXO TBZT'.BOOKB CanHnued— 

OAMGEB —A TEXT'BOOK, SYSTEMATIC AND PRAC- 
TICAL, OF THE PHYSIOLOGICAL CHEMISTRY OF 
THE ANIMAL BODY. Including the changes which the 
Tissaes and Fluids undei^o in Disease. By A. Gamgbb, 
M.D.y F.R.S., Professor of Physiology, Owens College, 
Manchester. Svo. [In the press, 

BTiGJOSBAVn— ELEMENTS OF COMPARATIVE ANA- 
TOMY. By Professor Cakl Gxgbnbauk. A Translation by 
F. JBFFKSY Bell, B. A. Revised with Pre&ce by Professor 
E. Ray Lankbstsr, F.R.S. With numerous Illustrations. 
8vo. 2is. 



^TEXT-BOOK OF GEOLOGY, By Archibald 
GEIKIE, F.R.S., Professor of Geology in the University of 
Edinbuigh. With numerous Illustrations. 8vo. \In the press, 

QtSLKY'-STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To whidi are 
added the principles of Taxonomy and Phytography, and a 
Glossary of Botanical Terms. By Professor Asa Gray, 
LL.D. 8vo. lOf. (id, 

KBWCOMB--POPCrLAR ASTRONOMY. By S. Nbwcomb, 

LL.D., Professor U.S. Naval Observatory. With lia HIqs- 

trations and 5 Maps of the Stars. 8vo. iSs. 

** It is unlike anything else of its kind, and will be of mere tise in dr- 
coladng a knowledge <^ astnuioray than mne^tenths of the books whidi 
have appeared on the subfect of late yttm."'-^aiitrdaf Revitw. 

UBUJmBAVX ^ THE KINEMATIC^ OF MACHINERY. 
OntlinM of a Theoxy of Machines. By Professor F. Rbulbauz. 
Translated and Edited by Professor A. B. W. Kbnnxdt, 
C.E. With 450 QlustratioDa. Medium 8vo. ai/. 

R0800B a&d BOHORIiBMMSR*— INORGANIC CHEMIS- 
TRY^ A Complete Treatise on Inorganic Chemistry. By 
Professor H. £. Roscob, F.R.S.» and Professor C ScBOR- 
LBMMBKf F.R.S. With numerous Qlustratioiis. Medium 8vo. 
VoL I.— The Non-Metallic Elements. 21^. VoL II.^^etak. 
Part I. 18/. Vol. IL Part IL— Metals. i8/. 



3& MACMILLAN'S EDUCATIONAL CATALOGUE. . 

SCIBNTIFIC TEXT-BOOKS Continued--- 

ORGANIC CHEMISTRY, A complete Treatise on Or- 
ganic Chemistry. By Professors RoscoE and Schorlemmer. 
With numerous Illustrations, Medium 8vo. \In the press, 

80H0RI.EMMBR— ^ MANUAL OF THE CHEMISTRY OP 
THE CARBON COMPOUNDS, OR ORGANIC CHE- 
MIS TRY, By C. Schorlemmer, F.R.S., Professor of 
Chemistry, Owens College, Manchester. Withi Illustrations, 
8yOb 14X. 

THORPE AND RttCKBR— ^ TREA TISE ON CHEMICAL 
PHYSICS. By Professor Thorpe, F.R.S., and Professor 
RuCKER, of the Yorkshire Coll^fe of Science. Illustrated. 
Svo. [In preparatiiou,, 

NATURE SERIES. 

THE SPECTROSCOPE AND ITS APPLICATIONS. Bf 
J. Norman Lockyer, F.R.S. With Coloured Plate and 
numerons IlUistratioDs.. Second Edition. Crown SVo. 3^. 6dC 

THE ORIGIN AND METAMORPHOSES OF INSECTS. 
By Sir John Lubbock, M.P., F.R.S., D.C.L. With nume- 
rous Illustrations. Second Edition. Crown Svo. 3^ . 6</. 

THE TRANSIT OF VENUS. By G. Forbes, M.A., Pro- 
fessor of Nataial Philosophy in tiie Andersonian Uniyersity, 
Glasgow. Ulnitrated. Crown Svo. 3^ . td. 

THE COMMON FROG. By St. George Mivart, F.R.S., 
Lecturer in Comparative Anatomy at St Mary*s Hospital. 
With numerous Illustrations. Crown 8vo. 3^. 6dJL 

POLARISATION OF LIGHT. By W. Spottiswoode, P.R.S. 
With many Illustrations. Second Edition. Crown 8vo. 
p. 6d. 

ON BRITISH WILD FLOWERS CONSIDERED IN RE. 
LATION TO INSECTS. By Sir John Ujbbocs» M.P., 
F.R.S. With nnneoow lUiistmtioiUU Seooad Editton* Crown 
8¥0. 4/. 6</«, 



SCIENCE. 39 



NATURE 8BIIZB8 Continued-^ 

7 HE SCIENCE OF WEIGHING AND MEASURING^ AND - 

THE STANDARDS OF MEASURE AND WEIGHT. 

By H. W. Chisholm, Warden of the Standaida,. With 

numerous lUiLstrations. Crown Sto. 4j. 6d, 

* HOW TO DRAW A STRAIGHT LINt: a Lecturt on Lfe&- 
ages. By A. B. Kkmps. With lUuBtratioiis. Crown Sva ix. &/. 

LIGHT: a Series of 3ini|)le, entertaining, and Inexpensiir^ Expe- 
ziments isi thft Fheiiofiiena of Light, for the Uite of Studettt^ of 
every age. By A. M. Mayer and C. Barnard. CzowiJ^Syo, 
with munerouG lUastrationsu ^s. 6d, 

SOUND : a Series of Simple, Entertaoning^ and Iheiepeittiye £x- 
peiimeBts m. the Pheaomenft of Sound, for the use of Stade&ts 
of every age. By A. M. Mayer^ Professor of Pfayaos in 
the Stevens Institute of Technology, &c. With numerous 
Illustrations* Crown 8vo. 3^ . 6d. 

SEEING AND THINKING, By Professor W. K. Clifford, 
F.iS.S'> With Diagrams. GroWttSvo. ^: 6d, 

ibEGENERATION—By Prof. E. Ray LaKkkster, F.R.S. 
With Illustrations. Crown 8vo. 2j» 6d, 

Other v^umts t» fiflkv^ 

EASY LESSONS IN SCIENCE. 
Edited by Prof. W. F. Barrett* 

HEA T» By Miss C. A. Martinbau. Ilhistrated. Extra fcap. 
Svo. zs, .6d, 

LIGHT* By Mis. Awdry. Illustrated. '2J. ^k 
ELECTRICITY. By Prof. W. F. Barrett. [In fr^ralHtm. 

SCIENCE LECTURES AT SOUTH 

KENSINGTON. 

VOL. /. Containing Lectures by Capt Abney, Prof. Stokes, 
Prof. Kennedy, F. G. Bramwell, Prof. G. Forbes, H. C. 
Sorby, J. T. Bottomley, S. H. Vines, and Prof. Caret 
Foster. Crown 8vo. 6^*. 
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VOL, 2L Containing Lectures by W. Spottiswoodk, P.R.S., 
Pro£ Forbes, Prof. Pigot, Prof. Barrett, Dr. Burdon- 
Sanderson, Dr. Lauder Brxtnton, F.R.S., Prof. Roscos, 
and others. Crown 8yo. 6r. 

• MANCHESTER SCIENCE LECTURES 

FOR THE PEOPLE. 

Eighth Series, 1876-7. Crown 8to. Illnstrated. &/. each. 

WHAT THE EARTH IS COMPOSED OF. By ProfesKMr 
RoscoB, F.R.S. 

THE SUCCESSION OF LIFE ON THE EARTH. By 
Professor Williamson* F.R.S. 

WHY THE EARTHS CHEMISTRY IS AS IT IS. By 
J. N. LocKYXR, r.R.S. 
Also complete in One Volume. Crown 8yo. doth. 2J. 



Ax^'ESLKK'D^'Br^ELEMENTAR Y APPLIED MECHANICS; 
being the simple and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of 
Elementary Mathematics. By T. Alexander, C.E., Professor 
of Civil Engineering in the Imperial College of Engineering, 
Tokei, Japan. Crown 8vo. 4?. 6d. 

BJakltTOB.Ji^THE RUDIMENTS OF PHYSICAL GEO* 
GRAPHYFOR THE USE OF INDIAN SCHOOLS ; with 
a Glossaiy of Technical Terms employed. By H. F. Blanford, 
F.R.S. New Edition, with ninstrations. Globe 8vo. 2s.6d. 



'—UNITS AND PHYSICAL CONSTANTS, By 
J.D. Everett, F.R.S., Professor of Natural Philosophy, 
Queen's College, Belfast. Extra fcap. 8yo. 4J. dd. 

^VIKIB.— OUTLINES OF FIELD GEOLOGY. By Prof. 
Geikib, F.R.S. With Illustrations. Extra fcap. 8yo. jx. 6d. 

dORDON— ^^ ELEMENTARY BOOK ON HEAT By 
J. E. H. Gordon, B.A., Gonville and Caius College^ Cam- 
bridge. Crown 8yo. 2s, 
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iMAXmAJm'K-BLOJVPIPE ANALYSIS. By J. Landa0er. 
Authorised English Edition by J. Taylor and W. E. Kay, of 
Owens College, Manchester. Extra fcap. 8vo. 4r. 6d, 

VXtlVL— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS. Specially arranged for th^ first M.B. Course. By 
M, M. Pattison Muir, F.R.S.E. Fcap. 8vo. u. 6</. 

M'KBNDRXCK— 0^7Z/iV2^ OF PHYSIOLOGY IN ITS 
RELATIONS TO MAN, By J. G. M'Kendrick, M.D. 
F.R.S.E. With Illustrations. Crown 8yo. I2j. 6^ 

lajLKLLr-STUDIES IN COMPARATIVE ANATOMY. 

Na I. — ^The Skull of the Crocodile : a Manual for StudenlSL 
By L. C MiALL, Professor of Biolc^in the Yorkshire College 
and Curator of the Leeds Museum. Syo. 2s, 6d, 
No. IL — Anatomy of the Indian Elephant. By L» C. MlALL 
and F. Greenwood. With Illustrations. 8vo. y, 

nUJOflX^AN ELEMENTARY TREATISE ON HEAT, IN 
RELATION TO STEAM AND THE STEAM-ENGINE. 
ByG. Shann, M.A. With Illustrations. Crown Svo. 4.S, 6d, 

WRIQUT—METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS, By C. Alder Wright^ D.Sc^ &a 
Lecturer on Chemistry in St Mary's Hospital Medical SchooL 
Extra fcap. Svo. y, 6d. 
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ARNOLD— 7W:£: ROMAN SYSTEM OF PROVINCIAL 

ADMINISTRATION TO THE ACCESSION OF CON- 

STANTINE THE GREAT By W. T. Arnold, B.A» 

Crown Svo. 6s, 

'*Oueht to prove a valuable handbook to the student of Roiaa 
history. '—Guardian. 

VBBnn— STORIES FROM THE HISTORY OF ROME. 
By Mrs. Beesly. Fcap. Svo. 2s, 6d, 

" The attempt appears to us in every way snecessfiil. The ilories are 

interesting in themselves, and are told with perfect amplidty and good 
feeling." — Daily News. 

FREBMAN (EDWARD A.)—bLD-ENGLISH HISTORY. 
By Edward A. Freeman, D.CL., LUD., kte Fellow of 
Trinity College^ Oxford. With Five Coloured Map& New 
Edition. Extra fcap. Svo. half-bound. 6s. 
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9MaB»~A SHORT mSTORY OF THE ENGLISH 
PEOPLE. ByJOHM RicharbGkebi*, M,A., LL.D. With 
Coloured Maps, Genealogicsd Tables, and Chr^loeiol 
Annals. Crown Svo. &. 6<£ Sixt^-thii^ Thousand. 

" Stands iloDe n As oog gencrnl hiitoiV of the cnntrr. for itie nln 
of which sU odien, if yonui ud okl un wuo, i>iU ba gpseddr md lurelr 

READINGS FROM ENGLISH HISTORY. Selected 
and Edited by JoHH Richard Gkeer, M.A., LUD., 
Honorary Fellow of Jesns CoU^c, Oxford. Three Parts. 
Globe SvD. 13. 6d. each. I. Hengist to Cressy. IL Ccessy 
to CromwdL HI. CromsreU to Bal^daio. 
wmmf— LECTURES OH THE HISTORY OF EHGLAND. 
"By M. J. GcKST. With Maps. Crown %to. 6*. 

"It is not too much tauscrt thai this is out of the verybHi daas hooki 
of EngHsh Hijlory for young studeniE tin puhliahed"— Scotsman. 



HI8TORIOAI. COtTRBB FOB SCHOOUt-r Edited b]r 
Edwakd a. FkkbMjUI, D.CL., late Fellow of Tiinitf 
CoUqe, Oxford. 

L GENERAL SKETCH OF EUROPEAN HISTORY. 
By Edwakd a. Fkbbman, D.C.L. New Edition, revised 
and enlarged, with Chronological Tatde^ Hap^ and Index. 
iBnto-. cloth. 31. (>d, 

"IttnpvfitsitMgnuifutcf ■loodKiiindalieafot UKaticd'teichniz. 
The Kbemc is an uceUcnt Due, and ihii instalmou hu htcn cieenud id 

II. HISTORY OF ENGLAND. By Edith TKditPSON. 
H«w EtUtion, revised and enlarged, wttV-Maps. l%ma. ai. 6d. 
m. HISTORY OF SCOTLAND. By IluteAMT 
Macaxtmsr. K«w Edition; I&no. Ii, 

'*An eieeUent nmmiiity. Dnimpeachjiblii as to f«a, and pnnrng Ihea 
in ihc dearest and moat impanial light auainatils.'— GVAimtAB. 

Vf. HISTORY OF ITALY. By the Rev. W. KuMT. M.A. 
l8mo. y. 

scrupulans care about fidelity in details. ... It it distinguTshBd, too. \/y 
OrMp ia seen by tbo finnHsa and tdeunau af hia uach"— £nin:ATioHAL 

V, HISTORY OF GERMANY. By J. Sims, M.A. 
ilnto. 3;. 

"A rinailuMy clesr and iapnaBH iiiaary tt GvmBoy, Iti great 
events are wisely liepi as cenlial ^uics, and the smaller events an cue- 
fully Icep^ Doi only HboKliniiia aid iiibtervieoti bCM nun ildUiiUy woren 
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BISTOaiCAX. COUB8B FOR SCHOOIiS CofUiftuedr^ 

VI. HISTORY Of AMERICA. By John A» ItoYLK. 
With Maps. i8mo. 4^. 6a, 

** Mr. Doyle has performed his task inth adnurable care, fulness^ and 
deameis, and for the first time we hafve for schools an accurate and inter- 
esting histocy of AamtnotOii from the eavliast to the preseat time."— 
Standard. 

EUROPEAN COLONIES. By E. J. Payne, M. A. With 

Maps. iSmo. 4J. fidT. 

**We have seldom met %ith an aistorian capable of fonnlng a more 
comprehensive, &r-settng, and unprejudiced estimate of events and 
peoples, and we can commend this httle work aa one certaiB to peove o£ 
the highest interest to all thoughtiul readers. "«-Timks. 

FRANCE, By Charlotte M. YoN^fB. With Maps. i8mo. 
Zs,6d, 

** An admirable text-book fof thelectare room.'*'*— Academy. 

GREECE, By Edward A. Freeman, D.C.L. 

[In preparation. 

ROME, ByEDWARD A. Freeman, D.C.I* [In preparation. 

.uaTOIlV PRXKBBS— Edited by JOEQi Richard Green. 

Author of '' A Short History of the EagUeh People." 
\ ROME, By the Rev. M. Creighton^ M.A., late Follow 

and Tutor of Merton College, Oxford. With Eleven Maps. 

i8xno. IX. 

**The author has been curiously sueoesdul in telfing in an intelli- 
flpnt way the story of Roan from ftrst to last.*'-'-taiooL BbARO 
Chroniclb. 

GREECE, By C. A. Fyffe, M.A., Fellow and late Tutor 

of University College, Oxford. With Five Maps. i8mo, is, 

"We give our wagwlified praise to dus fittle manual. '^—'Scrool* 

MASTBK. 

EUROPEAN HISTORY. By E» A. FRBBiUjr,. B.G.L. 

LL.D. WithMapss iSoKh Uk 

*^The work is always dear, and focm» a imniaous key to.Xmopean 
history."— School Boakd Cnitoincuc 

• GREEK ANTIQUITIES, By the Rfev, J. F. M&lHaffy, 

M.A. lUustrated. iSmo. is, 

**'AXi that is neoessary for the seholaf tw know is>t0ld so cenpaetly yet 
so fully* and in a style so iaterestingi that it is inpossible for' evsn the 
dullest boy to' look on this little work in the saase light as he regards his 
other school books. "-^Schooucastkx. 

CLASSICAL GEOGRAPHY. By H* F. TozBs; M.A. 

iSmo. IS, 

''Another valuable aid to the study of the andent werld ... It 
contains an enormous quantity of information padted into a small space, 
snd at the same tisoe canuaiiBkatad m a 'veqp leadaftte shaee.*-:JoKM 
Bull. . 
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BIBTOmT PKIHBBS CimHnuat-- 

GEOGRAPHY. Bj Gkorge Gkove, D.C.L, With Mtipt. 

"Aaodilar vlul neh ■ work ituald ba . . . . mknowcf u ihort 
niimei cf vbidi otir ordinary eUis-booki lo often olmou a^cUuivalT 

ROMAN ANTIQOITIES. By Profcaor Wilkins. I11i» 
tiated. iSmo. i«. 

" A littli book thai ihnvi ■ blan of light on Ronun IGiCaiy, and 
is, monow, inUnicly inunOine. "~Scluct Board Ckrtmctt. 

FRANCE. B5F Charlottb M. Yonck. iSmo. \i. 

" May be considered 1 WDiiderfully successful piece of BOill Its 

general merit ai a vigforous and clear ikelch, givmff in a small ^lace a 
vmd idea of tlie hiscoir of FraJice, remitias underualile.** — 5ATDU>Ar 
Rkvib*. 
In prepaiation : — 
ENGLAND. By J. R. Gukh, M.A. 

IfTBBBIDGE-^ SHORT MANUAL OF THE HISTORY 
OF INDIA, WITH AN INTRODUCTORY ACCOUNT 
OF INDIA AS IT IS. 3j Roper Lethbridge, M.A., 
CLE. Crown 8vo. [In the pros. 

MieeBl-BT— .rf SUMMARY OF MODERN HISTORY. 
Translated bom the French of M. MiCBZLBT, and ooothmed to 
the Pnwnt Time, by U. C. M. Sihfsoh. Globe Sto. 4;. &£ 

VpA— SCANDINAVIAN HISTORY. By E. C On*. 
With Haps. Globe Sto. hs. 

TAOVl— PICTURES OP OLD ENGLAND. By Dr. R. 
Favu. Translated wifit the nnctioa <^ the Anthcir by 
E. C. Orri. Chaaper Edition. Ciowu Sto, 61. 

RAHSAY— ..4 SCHOOL HISTORY OF ROME. By G. G. 
Rausat, M.A., Professor of Humanity in the University of 
Glasgow. With Maps. Crown Svo. [In finfaraHon. 

•tAXT—ANAL YSIS OF ENGLISH HISTOR Y, baaed on Gieen't 
" Short Hiitory of the English People." By C. W. A. Tait, 
M.A„ Assistant-Master, Cliflon College Crown 8vo. jr.&f, 

WHBBIiBR— /< SH0R7 HISTORY OF INDIA AND 01' 
THE FRONTIER STATES OF AFGHANISTAN, 
NBPAUL. AND BURMA. By J. Talboys Wbmlbk. 
With Maps. Crown 8vo. iw. 

" It ii the ben book of Ibe kind we haie encr Been, ai 
U to a place in CTcrr ichool library/' — Educattohal Ti 
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YONOE (OHARI.OTTB M.)— ^ PARALLEL HISTORY 0^ 
FRANCE AND ENGLAND : consisting of Outlines and 
Dates. By Chaklottb M. Yongb, Author of '* The Heir 
of Reddyffe," &c., && Oblong 4to. 3^. 6d, 

CAMEOS FROM ENGLISH HISTORY. ^ FROM 
HOLLO TO EDWARD IL By the Author of " The Heir 
of Redclyffe." Extra fcap. 8yo. New Edition. 5^. 

A SECOND SERIES OF CAMEOS FROM ENGLISH 
HISTORY— TKE WARS IN FRANCE. New Edition. 
Extra fcap. 8yo. 5j. 

A THIRD SERIES OF CAMEOS FROM ENGLISH 
HISTORY— THE WARS OF THE ROSES. New Edition. 
• Extra fcap. Svo. 5^. 

A FOURTH ^-^^ZBi^R^FORMATION TIMES. Extra 
Fcap. Svo. Sj. 

EUROPEAN HISTORY, Narrated in a Series of 
Historical Selections from thei Best Authorities. Edited and 
arranged by E. M. Sbwsll and C. M. YoNGX. First Series, 
1003— 1 1 54. Third Edition. Crown 8vo. 6r. Second 
Series, 1088— 1228. New Edition. Crown 8va 6x. 

DIVINITY. 
*4^* For other Works by these Authors, see Theological 

Catalogux. 

ABBOTT (RBV. B. A,)— BIBLE LESSONS. By the Rev. 
E. A. Abbott, D.D., Head Master of the City of London 
School. New Edition. Crown 8va 4s, 6d. 

** Wise, suggestive, and really profound initiation into religious '•^^ight. " 

ARNOLD^^ BIBLE-READING FOR ^CHOOLS^THE. 
GREAT PROPHECY OF ISRAEL'S RESTORATION 
(Isaiah, Chapters xL — ^Ixvi.). Arranged and Edited for Young 
LeamenL By Matthbw Arnold, D.C.L., formerly 
Professor of Poetry in the University of Oxford, and Fellow 
of Oriel New Edition. i8mo. doth, is, 

ISAIAH XL.—LXVL With the Shorter Prophecies allied 
to it Arranged and Edited, with Notei, by Matthbw 
Arnold. Crown 8vo. 5*. ^ 
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CVtnY.M— MANUAL OF THE THIRTY-NINE AR- 
TICLES. Sy G. H. CcRTEis, M.A., Principal of the 
Lichfield Theolt^cal College. \!n prifaration. 

aKBKoiK~-THE childrens treasury of bible 

STORIES, By Mrs. Hkkuan Gaskoin. Edited with 
Preface by tie Kev, G. F. Maclear, D.D, Pakt I.— OLD 
TESTAMENT HISTORY. iSmo u. Pakt II.— NEW 
' TESTAMENT. iSmo. ii. Part IIL— THE APOSTLES : 
ST. JAMES THE GREAT, ST. PAUL, AND ST. JOHN 
THE DIVINE. i8mo. is. 

OOIiDBM TKBAflUBY PSALTBS— Studenis' Edition. Beioj 
an Edhioii of "Tilt Psalms Chronologically Arranged, b; 
Poor Friend^" with briefer Notes. iSmo. 3^. 6d. 

QB^K TB8TAHBNT. Edited, with Istrodttction and Appen 
dices, by Canon Wkstcott and Dr. F, J. A. Hort. Twi 
Vols. Cromi Sto. [/« t&efrtss 

BABBTWICK — Works by Archdeacon Hakdwick. 

A HISTORY OF THE CHRISTIAN CHURCH 
Middle Age. From Gr^ory the Great to the Excommmii 
cation of Luther, Editedby Williau Stubbs, M.A., Regini 
Professor of Modem History in the University of Oiford 
With Four Maps. FouiTh Edition. Crown Sto. lat. %d. 
A HISTORY OF THE CHRISTIAN CHURCH DURINi 
THE REFORMA TION. Fourth Edition. Edited by Pro- 
fesior Stubbs. Ctowb 8*0. lor. 6d, 

Kltia—CHURCH HISTORY OF IRELAND. By the Re», 
Robert KinC New EditioD. 2 vols. Crown 8vo. 

\In pr^ara^on. 

MA OIiBAB— Works by th« Rev. G. F. Maclbab, [D.D., 
Warden of St. Al^astine's College, Canterbury. 
A CLASS-BOOK OF OLD TESTAMENT HISTORY. 
New Edition, with Four Maps. . iSmo. 41. 64. 
A CLASS-BOOK OF NEW TESTAMENT HISTORY, 
including the Connection of the Old and N«w Testament. 
With Four Mapi. New Edition. iSrao. S*- ^• 
A SHILLING BOOK OF OLD TESTAMENT 
HISTORY, for National and Elcmealatj Sdiooli. Witli 
Map, tSma doth. Kew Edition. , 
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MACXJBAR ConHtmed-— 

A SHILLING BOOK OF NEW TESTAMENT 
HISTORY, for National and Elementary Schools. With 
Map. i8mo. doth. New Edition. 

These works have been carefully abridged from the author's 
larger manuals. 

CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND. New Edition. i8mo. doth. 
is, 6^. 

A FIRST CLASS-BOOK OF THE CATECHISM OF 
THE CHURCH 01 ENGLAND, with Scripture Proofs, 
for Junioc Classes and Schools. i8mo. 6d, New Edition. 
A MANUAL OF INSTRUCTION FOR CONFIRMA- 
TION AND FIRST COMMUNION. WITH FRA VERS 
AND DEVOTIONS. 32mo. cloth extra, red edges. 2s. 
MAUnicm—THE LORD'S FRA YER, THE CREED, AND 
THE COMMANDMENTS. Manual for Parentsand School- 
masters. To which is added the Order of the Scriptures. By the 
Rev. F. Dbnison Maurice, M.A. i8mo. doth, limp. \s. 

PROCTBR— ^ HISTORY OF THE BOOK OF COMMON 
PRAYER, with a Rationale of its Offices. By Francis 
Procter, M.A. Fourteentii Edition, vefvised and enlai^ed. 
Crown 8va lOf. 6^. 

PBOCTER AND VLKti,J»J^hJL-'AN ELEMENTARY INTRO- 
DUCTION TO THE BOOK OF COMMON FRA YER. 
Re-arranged and supplemented by an Explanation of the 
Morning and Evening Prayer and the Litany. By the 
Rev. F. Procter and the Rev. Dr. Maclear. New 
and Enlarged Edition, containing the Communion Service and 
the Confirmation and Baptismal Offices. i8mo. us. 6a, 

P8AI.MS OF DAVID CHRONOLOGICALLY ARRANGED. 
By Four FrienAs. An Amended Version, with Historical 
Introduction and Explanatory Notes. Second and Cheaper 
Edition, with Additions and Conectioos. Cr. 8vo, Ss, 6d. 

UAmHA'Y-'THECATECHISER'S MANUAL; or, the Church. 
Catechism Illustrated and Explained, for the Use of Clergy- 
men, Schoolmasters, and Teachers. By the Rev. Arthur 
Ramsay, M.A. New Edition. i8mo. is. 6d. 



jfi MACMILLAirS EDUCATIONAL CATALOGUE. 

BlVLVnOJX^AN EPITOME OF THE HISTORY OF IffB 
CHRISTIAN CHURCH. By William Simpson, M.A. 
New Edition* Fcap. 8yo. ^r. 6^ 

TRENCH— By R. C. TRENCH, D.D., Archbishop of Dublin. 
LECTURES ON MEDIEVAL CHURCH HISTORY. 
Being the substance of Lecti^res delivered at Qaeen's Coll^;e^ 
London. Second Edition, revised. 8vo. 125, 

SYNONYMS OF THE NEW TESTAMENT. Ninth 
Edition, revised. 8vo. I2s, 

WE8TCOTT— Works by BROOKE Foss Wbstcott, D.D., Canon 
of Peterborough. 

A GENERAL SURVEY OF THE HISTORY OF THE 
CANON OF THE NEW TESTAMENT DURING THE 
FIRST FOUR CENTURIES. Fourth Edition. Witii 
Prefooe on '* Supenatund Religion." Crown 8va los, 6d. 

INTRODUCTION TO THE STUDY OF THE FOUR 
GOSPELS, Fifth Edition. Crown 8vo. lOf. .6d. 

THE BIBLE IN THE CHURCH. A Popular Account 
of the Collection and Reception of the Holy Scriptures in 
the Christian Churches. New Edition. iSma doth. 

WJJsBON —TH^ BIBLE STUDENTS GUIDE to tiie more 
Correct Understanding of the English Translation of the Old 
Testament, by reference to the ori^nal Hebrew. By William 
Wilson, D D., Canon of Winchester, late Fellow of Queen's 
College, Oxford. Second Edition, carefully revised. 4to. 
doth. 25J. 

YONOB (CHARLOTTB VL.y-SCRIPTURE READINGS FOR 
SCHOOLS AND FAMILIES. By Charlottk M. Yongb, 
Autiior of *'The Heir of Reddyffe." In Five Vols. 

First Sbriss. Gbnssis to DsimuLONOMT. Globe 8vo; 
IS. 6d, With Comments, 3^. 6d. 

Second Sbribs. From Joshua to Solomon. Extia feu^ 
8vo. It. 6d. With Comments, ^. 6d, 
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Third Series. The Kings and the Prophets. Extern fcap. 
8vo. IX. Sd, With Comments, 3^. 6d, 

Fourth Series. The Gospel Times, is. &/. With 
Comments, extra feap. 8yo., ^j. 6^ 

Fifth Series. Apostolic Times. Eztza fcap. Svtk u. M* 
With Comments, Jf. 6d, 



MISCELLANEOUS, 

iucluding works en Modem Languages and LUeyaturif^ Art 

Hand-books^ (&v., 6^. 



SHAKESPEARIAN GRAMMAR. An Attempt 
to illustrate some of the Differences between EHzabetban and 
Modem English. By the Rev. £. A. Abbott, D.D., Hedd 
Master of the City of London School New Edition. Extia 
fcap. 8vo, 6f. 

Ktrnwajs^om— LINEAR perspective^ and model 

DRA WING, A School and Art Class Manual, with Questions 
and Exercises for Examination, and Examples of Examination 
Papers, By Laurence Andeeson. With Qlustratioiis. 
Royal 8vo. 2s, 

BAnKBM—PIRST LESSONS IN THE PRINCIPLES OP 
COOKiNG. By Lady Barker. New Edition. i8mp. i^. 

B0WBN-:P//?»ST LESSONS IN FRENCH, By H. CoUK- 
thope Bowen, M.A. Extra fcap, 8vo. is, 

BEAUMAROHAI8— Z^ BARBIER DE SEVILLE, Edited, 
with Introduction and Notes, by L. P. Blouet, Assistttit 
Master in St. Paul's School. Fcap. 8vo. 3/. 6t/. 

BBBNBBS— /r7i?^7 LESSONS ON HEALTH, By J. Bee- 
NERS. New Edition. i8mo. \s, 

d 
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■.WCOK— THE TEACHER. Hintjon School Mana 
ent. A Handbook for Managers, Teuiteis' Assistants, t 
ipil Teachers. Br J. It Biakiston, M.A. Croon 8 
. tid. (Recomioended hy the London, Binuinghsm, i 
ticester School Boards.) 
" lato a comparatiTcly unall book he has (Towdcd a greu deal ot 



HAnn— Works b; HxskUNN Brsvhahn, Ph.D., F 
isoi of Fhilologj in the Univerai^ of Munich, 

FRENCH GRAMMAR BASED ON PHILOLOGIC. 
^NCIFLES. Second Edition. Extra fcap. 8vo. 4;. 
'RST FRENCH EXERCISE BOOK. Extra fcap. 8 

ICOND FRENCH EXERCISE BOOK. Eara fcap. 8 



KIE— MILTON. By Rev. Stopford BsoOKtt, M. 
ap. 8vo. ij. td. (Green's Classical Writers.) 

^—HUDIBRAS. Edited, with Introduction and Nol 
Alfred MiLNES, B. A. \InpT^arad 

tXWMTi— HANDBOOK OF MORAL FHILOSQPh 
r the Kev, Hsnky Caldbrwood, LL.D., Fn^essor 
oral Philosophy, Univeraty of Edinburgh. . Sixth Edit! 



•B-THE PUROATORY OF DANTE. Edited, « 
■anslaiion and Notes, by A. J. Butler, M.A., late Fell 
Trinity College, Cambridge. Crown 8vo. 12s. 6d. 

MOVm—A BEGINNERS DRAWING BOOK. 

H. Dklauott^ F.S.A. FrogTes^vclj arranged. N 
lition improved. Crown Svo. y. W. 
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r^Anov—SCIfOOZ INSPECTION. By D. R. Fearon, 
M.A«, Assistant Commissioner of Endowed Schools. Third 
Edition. Crown 8vo. 2j. ^d, ^ 

VKUS^jy^RlC^—HINTS TO HOUSEWIVES ON SEVERAL 
POINTS, PARTICULARLY ON THE PREPARATION 
OF ECONOMICAL AND TASTEFUL DISHES. By 
Mrs. Frederick. Crown 8vo. 2s. 61. 

*' This unpretending and useful little volume distinctly supplies a de- 
sideratum. .... The author steadily keeps in view the simple aim of 
* making every-day meals at home, pasticularly the dinner, attractive/ 
without adding to Uie ordinary household expenses." — Saturday Revinv, 

mMKnVTWtl&— SPELLING REFORM FROM AN EDU- 
CATIONAL POINT OF VIEW. By J. H. Gladstone, 
Ph.I>., F.R.S., Member of the School Board for London. 
New Edition. Crown 8vo. is. 6d. 

QOlMUBliltTn—THE TRA VELLER, or a Prospect of Society j 
and THE DESERTED VILLAGE. By Oliver Gold- 
smith. With Notes Philok^cal and Explimatory, by J. W. 
Hales M.A. Crown 8vo. &/. 

GRAND'HOMME— C^^rTTATG^ OUT AND DRESSMAKING 
From the French of Mdlle. E. Grand'homme. With Dia- 
grams. i8mo* I J. 

OBBBN-^ SHORT GEOGRAPHY OF THE BRITISH 
ISLANDS. By John Richard Green and Alice 
Stopford Green. With Maps. Fcap. 8yo. ^s. 6d. 

T1>e TtMe^says : — **The method of the work, so far as real instruction 
is concerned, is nearlj all that could be desired. ... Its great merit, in 
addition to its scientific arrangement and the attractive style so familiar 
to the readers of Green's Short History is that the facts are ?o presented 
as to compel the careful student to think for himself. . . . The work may 
be read with pleasure and profit by anyone ; we trust that it will gradually 
find its way into the higher forms of our schools. With this text-book as 
bis guide, an intelligent teacher might make geo^aphy what it really is^— ' 
one of the most interesting and widely-instructive studies." 

UiLlMRB— LONGER ENGLISH POEMS, with Notes, Philo- 
logical and Explanatory, and an Introduction on the Teaching 
of English. Chiefly for Use in Schools. Edited by J. W. 
Hales, M.A , Professor of English Literatijtte at King's 
College, London. New Edhiom Extra feap. 8vo. 41. 6d, 
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l-A GENEALOGICAL STEMMA OP THE KINGS 
■f BNGLAND AND FRANCE. By the Rw. C. HoLK. 

B Sheet 

■lOM'l LIVES Of THE POETS. The SU CHef Lives 
HilloB, DryiteQ, Swift Addison, Pope, Gray), with Maciulay's 
Life of Jolinsoii." Edited with Preface by Matthew 
JiNOIA. Crown 8vo. fij. 

IKATintB PEIMBRS— Edited by JOHN RlCKAKD GkwK, 
Lutbor oi " K Short History of the English People." 

\NGLISH GRAMMAR. By the Rer. R. MORmis, LL.D., 
imettme Preaident of the Philo1<%ical Society, . iSmo. 
knh. IX. 



-^HE CHILDREN'S TREASURY OF LYRICAL 
'OBTRY. Selected and u-ranged irith Note* by Francis 
I/RNIR Palckavk. In Two Parts. i8mo. I*, each. 

'.NGLISH LITERATURE. By the Rer. Stoptord 
.ROOK^ M.A, New Edition. i8mo. u, 
'HItOLOGy. By J. pEiLR, M.A. 18100. u. 
'REEKLITERATURS. By Professor Jebb, M.A. iSma ". 
HAKSPERE. By Profenor Dowden. iSmo. \s. 
JOMER. By the KJght Hon. W. E. Gladstone, M.P, 

XNGLISH COMPOSITION. By Prnfesst* Nichol. i%np. 

B pfcpvnLtioD : — 

LATIN LITERATURE. By Professor Serlet. 

HISTORY OP THE ENGUSH LANGUAGE. By 
J. A. H. Murray, LL.D, 
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MACaKIIiI«AN'8 OOPY-aOOKS^ 

Published in two sizes, viz. s — 

1. Large Post 4to. Price 4^. each. 

2. Post Oblong. Price 2^ . each* 

I. INITIATORY EXERCISES 6* SHORT LETTERS. 

*2. WORDS CONSISTING OF SHORT LETTERS, 

'^^.LONG LETTERS. With woids containing Long 
Letters — Figures. 

♦4. WORDS CONTAINING LONG LETTERS. 

4a. PRACTISING AND REVISING COPY-BOOK. For 
Nos. I to 4. 

♦5. CAPITALS AND SHORT HALF-TEXT, Worda 
beginning with a Capital 

♦6. HALF-TEXT WORDS, beginning with a Capital- 
Figures. 

♦7. SMALL'HAND AND HALF-TEXT. With Capitals, 
and Figures. 

*8. SMALL-HAND AND HALF-TEXT. With CapiUls 
and Figures. 

8a. PRACTISING AND REVISING COPY-BOOK. For 
Nos. 5 to 8. 

*9. SMALL-HAND SINGLE HEADLINES^Figaies. , 

10. SMALL-HAND SINGLE HEADLINES— Figaxes. 

♦11. SMALL-HAND DOUBLE HEADLINES—Tigaxeg. 

12. COMMERCIAL AND ARITHMETICAL EX- 
AMPLES, ^c. 

12a. PRACTISING AND REVISING COPy-BOOK. For 
Nos. 8 to 12. 

^ Thesi numbers may be had with Goodmatis Patent Stidimg 
'Copia. Large Post 4to. Price M each. 
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WAOMIIiI^H'B COFY-BOOKS Continued— 

Byiisfmpledevicetlic copies, wliich are fainted nponacpsratc 

slips, are arranged with a movable attachment, by which the; 

are ajljustcd so as to be directly before the eye of the pn|ul at 

all points of hl» progress. It enables blm, also, lo keep his 

faulls concealed, with perfect models constantly in view 

aitation. Every experienced teacher knows the advantage -' 

e slip copy, but its practical application has nerer befor* 

successfully accomplished. This feature is secured ex- 

fcly to Macmillao's Copy-books under Goodman's patent. 

LIiAN'S PROQRESSIVE FRENCH OOUKSB—By 

Iitgxne-Fasnacht, Senior Master of Modem Language^ 

>ur FonndaUon Modem School, Bedford. 

^tRST YEAJt, containing Easy Lessons on the Rqjiilar Ac- 

ice. Extra fcap. 8vo, u. 

■Sbcond Yeab, containing Conversational Lessons, on 

3natic Accidence and Elementaiy Syntax. With Philo- 

al Illustrations and Elymologica] Vocabulary. I.t. 6d. 

—Third Year, containing a Systematic Syntax, and 

ms in Composition. [In thtpriss. 



) Seconu YEAjtg. [Intkeprti 



Eugene Fa^nacht. 

I. — FlKST Year. Easy Lessons aiui Rules on the R^ulai 

lence. Extra fcap. Sva ts. 6d. 

II. — Second Year. Conversational Lessons in Sys- 

tic Accidence and Elementary Syntax. With Philological 

[rations and Etymological Vocabulary. Extra fcap, 

9— THE POST'S HOUR: Poetry selected and 
iged for Children. By Frances Martin. Third 
ion. iSmo. 21. 6d. 

WG-IIME WITH THE POETS: Poetry selected by 
NCBS Martin. Second Edition. tSmo. y. 6d. 
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MA8SON <6USTAVE)— ^ COMPENDIOUS DICTIONARY 
OF THE FRENCH LANGUAGE (French^Englisli and 
English-French). Followed by a List of the Principal Di- 
verging Derivations, and preceded by Chronological and 
Historical Ta:bles. By Gu stave Masson, Assistant-Master 
and Librarian, Harrow School. Fourth Edition. Crown 8vo. 
half-bound. 6f, , 

lffOI.IERB^Z£ MALADE IMAGINAIRE. Edited, with 
Intioduction and Notes, by Francis Tarver, M.A., Assistant- 
- Master at Eton, Fcap. 8vo. 2s» 6d. 

MORRIS — Works by the Rev. R. Morris, LL.D., Lectureir 
on Engli&h Language and Literature in King's College 
School, 

HISTORICAL OUTLINES OF ENGLISH ACCIDENCE^ 
comprising Chapters on the History and Development of the 
Language, and oh Word-formation. New Edition. Extra 
fcap..8vo. df. 

ELEMENTARY LESSONS IN HISTORICAL 
ENGLISH GRAMMAR, containing Accidence and Word- 
formation. New Edition. i8mo: ±s, 6^. 

PRIMER OF ENGLISH GRAMMAR. i8mo. is. 

KlCOlM— HISTORY OF THE FRENCH LANGUAGE, 
with especial reference to the French element in English. By 
Henry Nicol, Member of the Philological Society. 

[In preparation, 

OlMlVBJLVr—THE OLD AND MIDDLE ENGLISH. A 
New Edition of ''THE SOURCES OF STANDARD 
ENGLISH,^* revised and greatly enlarged. By T. Kington 
Oliphant. Extra fcap, 8vo. gj. 

PALGRAVB— r^^ CHILDREN'S TREASURY OF 
LYRICAL POETRy, Selected and Arranged with Notes 
by Francis Turner Palgrave. i8mo, zr. 6d. Also in 
Two parts. i8mo. i^. each. 

l*Xat7TARCH — Being a Selection from the Lives which Ulustrate 
Shakespeare. North's Translation. Edited, with Intro- 
tiuctions, Notes, Index of Names, and Glossarial Index, by 
the Rev. W. W. Skeat, M.A. Crowa 8vo. 6j, 
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n—NEW GUIDE TO GERMAN CONVERSA- 
N: cootaiiung an Alphabetical List of nearlj 800 Familiar 
is followed by Exercises, Vocabnlaiy of Woids in fceqaent 
Familiar Pbrases and Dialogues ; a Sketch of German 
ature, Idiomatic Expressions, &c. By L. Pylodet. 
1. dotb limp, ii, dd. 

'VNOPSIS OF GERMAN GRAMMAR. From the 
e. iSmo. &£ 
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Crown 8vo, (430 pp.) ». 




ing books must 'aim 
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oihers that have appeared both in form and' 
of the preoent ■erira bga rightly seen Ihu 
Jiiefly .1 KivLng to the pupils the po-er of 
apt and sEUTul eipressit^ fat eullivMinE ia 
a^d U aiQu^eTdeiiie gIt lurthec [ead^K. 
select the evDacts fram Uue EnBlish classia, 
urse 10 Chaucer, Hooker, and Bacon, as Tell 
and Fioude, , . . This is quite on the right 
lie ideal whidt to ooght to >« beibn ui."- 



i SHAKESPEARE MANUAL. ByF.O. - 
AV, M.A., late Head Mafter of Skipton Gianunar Schod. 
<nd Edition. Extra fcap. Svo. 4^. dd. 

ATTEMPT TO DETERMINE THE CHRONO- 
nCAL ORDER OF SHAKESPEARES PLAYS. 
:he Rev. H. Paine Stokes, B.A. Extta 'fcap. Svo. 
d. 

1 TEMPEST. With Glossarial and Explanatory Notei. 
he Rev. J. U, Jbfbson. New Edition. iSmo. xt. 



MISCELLANEOUS. 57 



iONNENSCHEIN and MBIKUSJOHN — THE ENGLISH 
METHOD OF TEACHING TO READ. By A. Son- 
; NSNSCHEiN and J. M. D. Meiklejohn, M.A. Fcap. 8vo. 

COMPRISING : 

7HE NURSERY BOOK^ containing all the Two-Letter 
Words in the Language. \d, (Also in Large Type on 
Sheets for School Walls. 5^.) 

THE FIRST COURSE, consistmg of Short Vowels with 
Single Consonants, td, 

' THE SECOND COURSE, with Combinations and Bridges, 
consisting of Short Vowels with Double Consonants, (td. 

THE THIRD AND FOURTH CQURSES, consisting of 

Long Vowels, and all the Double Vowels in the Language 

6d. 

** These are admirable books, because they are constructed on a prin> 
dple, and that the simplest principle on which it is P9sskble to learn to read 
English. ' — Spkctator. 

TANNER— /^/i^^T- PRINCIPLES OF A GRICUL TURE. By 
H. Tanner, F.C.S., Professor of Agricultural Science, 
' University College, Aberystwith, &c i8mo. is. 

TKVLOU—IVORDS AND PLACES; or, Etymological Ilhis- 
trations of History, Ethnology, and Geography. By the Rev. 
Isaac Taylor, M.A. Third and cheaper Edition, revised 
and compressed. With Maps. Globe 8vo. 6s, 

TAYLOR—^ PRIMER OF PIANOFORTE PLA YING. By 
Franklin Taylor. Edited by George Grove. i8mo. u. 



^HOUSEHOLD MANAGEMENT AND 

COOKERY. ' With an Appendix of Recipes used by the 

Teachers of the National School of Cookery. By W. B. 

Tege'j^meier. Compiled at the request of the School Board 

for London. i8mo. ix. 

** Admirably adapted to the use for which it is designsd.** — ArHaNiOUM. 

**^ seasonable and thoroughly practical manual. ... It can be consulted 
readily and the information it contains is given in the simplest language." 
— Pall M\li Gazhttk. 
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nosi-FIRST LESSONS IN BOOK-KEEPING. "By 
rHOBNTON, Ctavia Svo. 2s. bd. 

Tie object of this yoluoie is to mate ihe theory of Book-lcK^ng luf- 
itltty p[ain for evea cliildren ia uoder^tand iL 

\a — Works by Edward Thking, M.A., Head Uaster of 

pingliatD. 

'E ELEMENTS OF GRAMMAR TAUGHT IN 

'GLISH. With Qnestioiis. Fourth Edition. iSmo. 2j. 

IH (ARCH BIIHOF)— Works by R. C Tkbnch, D.D., 

fabiEhop of Dublin. 

'USEHOLD BOOK OF ENGLISH POETRY. Selected 

Arranged, with Notes. Third Edition, Eitra fcap. 8to, 
fd. 

' THE STUDY OF WORDS. Se»enteentli Edition, 
sed. Fcap. 8vo. 51. 

*GLISH, PAST AND PRESENT. Tenth Edition, 
sed and improved. Fcttp. bvo. 51. 
SELECT GLOSSARY OF ENGLISH WORDS, wxA 
nerly in Sense* DiBerent from their Present. Fifth 
tion, revised and enlarged. Fcap. Svo. 51. 
SANIO. M.)-frOJi>5 FROM THE POETS. By 
M. Vaoghan. New Edition. i8mo. doth, u, 
\m and TtlCK.a0Vi— HANDBOOK TO MODERA 
EEK. By Edgar Vincknt, Coldstream Guards, and 

G. Dickson, M.A. With Preface by Professor J. S. 
ICKIB, Extra fcap. Svo. 51. 

iknn'sfBuli if their WDilc does not .cod tribute matcriall)tlD tbc uudy 
Gr«V by Engl ishm en as a living langUACe." — PaLL MaLL Gazhtt*. 

»EY— Works by WiLLMM D. WHITNEY, Professor of 
iskrii and Instructor in Modem Languages in Vale Coll^;e. 
COMPENDIOUS GERMAN GRAMMAR. Crown 
. v-^- 

GERMAN READER IN PROSE 4ND VERSE, with 
tes and Vocabulary. Crown Svo. ^ 
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WHITNEY AND ED6RBN— ^ COMPENDIOUS GERMAN 
AND ENGLISH DICTIONARY, with Notation of Cor- 
respondences and Brief Etymologies. By Professor W. D. 
Whitney, assisted by A. H. Edgren. Crown 8vo. 7^. &/. 

THE GERMAN-ENGLISH PART, separately, 5^. 

WRIGMT— THE SCHOOL CO^OKERY BOOK, Compiled 
and Edited by C. E. Guthrie Wright, Hon. Sec. to the 
Edinburgh School of Cookery. iSmo. is. 

Sir T. D. AcLAND, Bart., says of this book:— "I think the "Schoo 
Cookery Book " the best cheap manual which I have seen on the subject. 
I hope teadiers will welcome it. But it seems to me likely to be evan 
more useful for domestic purposes in all ranks short of those served by 
ixrofessed cooks The receipts are numerous and precise, the explana- 
tion of principles clear. The chapters on the adaptation of food to 
varying drctunstances, age, -climate, employment, health, and on infants' 
food, seem to me excellent." 

YONGE (OHARI.OTTB M.>~.7:^^ ABRIDGED BOOK OP 
GOLDEN DEEDS. A Reading Book for Schools and 
general readers. By the Author of "The Heir^ of Red. 
clyffe/' i8mo. cloth, is. 
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